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Abstract. This article is concerned with causal structures, which are defined as a field of
tangentially non-degenerate projective hypersurfaces in the projectivized tangent bundle of
a manifold. The local equivalence problem of causal structures on manifolds of dimension at
least four is solved using Cartan’s method of equivalence, leading to an {e}-structure over
some principal bundle. It is shown that these structures correspond to parabolic geomet-
ries of type (Dn, P1,2) and (Bn−1, P1,2), when n ≥ 4, and (D3, P1,2,3). The essential local
invariants are determined and interpreted geometrically. Several special classes of causal
structures are considered including those that are a lift of pseudo-conformal structures and
those referred to as causal structures with vanishing Wsf curvature. A twistorial construc-
tion for causal structures with vanishing Wsf curvature is given.
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1 Introduction

1.1 Motivation and history

In the general theory of relativity, space-time is represented by a four dimensional manifold M
equipped with a Lorentzian metric g. An important feature of a Lorentzian structure is its
associated field of null cones in TM given by the set of vectors v ∈ TM satisfying g(v, v) = 0.
As a result, it is possible to define a relation of causality between the points of M , i.e., a partial
ordering x ≺ y defined by the property that x can be joined to y by a curve that is either time-
like or null. If x and y represent two events in space-time then x ≺ y means that the occurrence
of x has an effect on y. In [39] Kronheimer and Penrose examined causality in a manifold M of
dimension n on an axiomatic basis. The starting point of their study is a continuous assignment
of null cones in the tangent space of each point of M so that it is possible to define the set of
points that are inside, outside and on the null cone in each tangent space.1 The importance
of the causal relationship between points of space-time became more significant in the context
of the singularity theorems of Penrose and Hawking [31, 53, 54]. The study of causal relations
in spaces equipped with a field of convex null cones in TM received a major contribution from
the Alexandrov school in Russia under the name of chronogeometry [5, 30], i.e., a geometry
determined by the chronological relations between the points of the manifold. The objective
was to use the principles of causality and symmetry to give an axiomatic treatment of special
relativity. In [62], Segal attempted to give such a treatment for general relativity (see also
[19, 43, 66, 67, 21].) Subsequently, structures defined by assigning a convex cone in each tangent

1It should be said that in [39] it is assumed that each null cone is given by the vanishing locus of a quadratic
form of signature (n, 1), i.e., conformal Lorentzian geometry. However, the results extend to the more general
case of causal structures with strictly convex null cones.
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space, termed as causal structures, came to play a role in the Lie theory of semi-groups [32],
causal boundaries [24], and hyperbolic systems of partial differential equations [61].

Rather than to investigate causality relations between the points of a manifold with a given
causal structure, the main idea of this article is to gain a deeper understanding of the geometry
of causal structures through the solution of the Cartan equivalence problem. This approach
enables one to construct a complete set of local invariants and also to obtain some results on
symmetries of causal structures.

Before going any further, a more precise definition of causal structures is in order. Given an
(n+ 1)-dimensional manifold M , with n ≥ 3, a causal structure (M, C) of signature (p+ 1, q+ 1)
with p, q ≥ 0, and p + q = n − 1 is given by a sub-bundle of the projectivized tangent bundle
π : C ⊂ PTM → M , whose fibers Cx ⊂ PTxM are projective hypersurfaces2 with projective
second fundamental form of signature (p, q) (see Definition 2.4). Note that in this definition the
convexity of the null cones Cx is not assumed.

Two causal structures (M, C) and (M ′, C′) are locally equivalent around the points p ∈M and
p′ ∈M ′ if there exists a diffeomorphism ψ : U −→ U ′, where p ∈ U ⊂M , p′ = ψ(p) ∈ U ′ ⊂M ′,
satisfying ψ∗(Cx) = Cψ(x) for all x ∈ U .

In order to describe a causal structure in an open set U ⊂ TM , one can use a defining function
L : TM → R, (xi; yj) 7→ L(xi; yj), where (x0, . . . , xn) are coordinates for M and (y0, . . . , yn) are
fiber coordinates. The function L is assumed to be homogeneous of some degree r1 in the fiber
variables and is referred to as a Lagrangian for the causal structure. Then, the vanishing set of L
over U coincides with U ∩ Ĉ where Ĉ ⊂ TM is the cone over C ⊂ PTM. The functions L(xi; yi)
and S(xi; yi)L(xi; yi), where S(xi; yi) is nowhere vanishing and homogeneous of degree r2 in yi’s,
define the same causal structure.

As an example, if the fibers Cx are hyperquadrics defined by a pseudo-Riemannian metric g
of signature (p+ 1, q+ 1), then the causal structure (M, C) given by the family of null cones of g
corresponds to the pseudo-conformal structure induced by the metric g.3 In other words, there
exists a local defining function of this causal structure of the form F (xi; yj) = gij(x)yiyj .

The above description makes it clear that the relation of causal structures to pseudo-conformal
structures is an analogue of what Finsler structures are to Riemannian structures. Recall that
a Finsler structure

(
Mn+1,Σ2n+1

)
is given by a codimension one sub-bundle Σ ⊂ TM , whose

fibers Σx ⊂ TxM are strictly convex affine hypersurfaces, i.e., the second fundamental form of
each fibers is positive definite. The sub-bundle Σ is called the indicatrix bundle (see [11]).4

The main motivation behind the study of causal structures comes from a variety of per-
spectives. As a part of the geometric study of differential equations, it was shown by Holland
and Sparling [33] that there is locally a one-to-one correspondence between contact equivalence
classes of third order ODEs y′′′ = F (x, y, y′, y′′) and causal structures on their locally defined
three dimensional solution space M . A causal structure is given in this setting by a family of
curves π : C → M where Cx := π−1(x) ⊂ PTxM is a non-degenerate curve in the sense that it
admits a well-defined projective Frenet frame. This causal structure descends to a conformal
Lorentzian structure on M if a certain contact invariant of the third order ODE known as the
Wünschmann invariant vanishes. In other words, it is shown in [33] that C is locally isomor-
phic to J2(R,R)5 endowed with a foliation by lifts of contact curves on J1(R,R) and that the
Wünschmann invariant at each point of J2(R,R) coincides with the projective curvature of the
curve Cx. As a result, the vanishing of the Wünschmann invariant implies that the curves Cx
are conics, i.e., the causal structure is conformal Lorentzian.

2Here, a hypersurface is always taken to be a codimension one submanifold.
3A pseudo-conformal structure refers to the conformal class of a pseudo-Riemannian metric [4].
4Similarly, it is possible to define pseudo-Finsler structures of signature (p, q), p+ q = n+ 1 by imposing the

condition that the second fundamental form of the fibers Σx have signature (p− 1, q).
5In this article Jk

(
Rl,Rm

)
denotes the space of k-jets of functions from Rl to Rm.
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The work of Holland and Sparling is a part of the program of studying geometries arising
from differential equations, which has a long history going back to Monge, Jacobi, Lie, Darboux,
Goursat, Cartan and others. In the case of third order ODEs under contact transformations,
Chern [17] used Cartan’s method to solve the equivalence problem and showed that the solution
depends on two essential relative invariants, namely the Wünschmann invariant I(F ) and the

invariant C(F ) = ∂4

∂q4
F (x, y, p, q). Furthermore, he observed that if I(F ) = 0, then the space

of solutions of the ODE can be endowed with a conformal Lorentzian structure. Using Tanaka
theory [65], Sato and Yashikawa [60] showed how one can use Chern’s {e}-structure to associate
a normal Cartan connection on some 10-dimensional principal bundle to the contact equivalence
class of a third order ODE. In particular, they expressed the relative contact invariants of the
ODE in terms of the curvature of the Cartan connection. Godlinski and Nurowski [26] explicitly
computed the normal Cartan connection and explored other geometric structures that arise from
a third order ODE. In particular, they used a result of Fox [23] to show if C(F ) = 0, then the
ODE induces a contact projective structure6 on J1(R,R).

One can realize the works mentioned above on third order ODEs in terms of geometries
arising from the double fibration

J1(R,R)
τ←− J2(R,R)

π−→M,

where the map π is the quotient map of J2(R,R) by the foliation defined by the 2-jets of the
solutions of the ODE. This map endows M with a causal structure. The null geodesics of M
are given by π ◦ τ−1(p) where p ∈ J1(R,R), while the contact geodesics are given by τ ◦ π−1(q)
where q ∈M .

Equivalently, given a causal structure (M, C) in dimension three, Holland and Sparling showed
that the double fibration above is equivalent to

N τ←− C π−→M,

where N is the space of characteristic curves (or null geodesics)7 of the causal structure. The
precise definition of these curves is given in Section 2.3.5. It turns out that starting with a causal
structure (M, C), one can show that locally C ∼= J2(R,R) and N ∼= J1(R,R). Therefore, all the
results mentioned above can be translated in terms of local invariants of the causal structure in
three dimensions.

The correspondence above motivates the study of the local invariants of causal geometries
in higher dimensions and differential equations that can be associated to them. As will be
explained, this study turns out to be related to a number of current themes of research.

In [34], Holland and Sparling studied causal structures in higher dimensions and showed
that an analogue of the Weyl sectional curvature can be defined. Also, they showed for causal
structures the Raychaudhuri–Sachs equations from general relativity remains valid for higher
dimensional causal structures (also see [1, 48]).

Before describing the nature of the complete set of invariants for causal structures it is helpful
to make parallels with what happens in Finsler geometry. On an (n+1)-dimensional manifold M
the indicatrix bundle Σ of a Finsler structure is (2n + 1)-dimensional equipped with a contact
1-form, i.e., a 1-form ω ∈ T ∗Σ satisfying ω ∧ (dω)n 6= 0. The 1-form ω is called the Hilbert form
of the Finsler structure. As indicated by Cartan [15, 16] and Chern [18], in Finsler geometry
there are two essential invariants comprising the total obstruction to local flatness, namely the
flag curvature and the centro-affine cubic form of the fibers Cx (also referred to as the Cartan

6A contact path geometry over a contact manifold N is given by a family of contact paths with the property
that at each point x ∈ N , a unique curve of the family passes through each contact direction in TxM . A contact
projective geometry is a contact path geometry whose contact paths are geodesics of some affine connection.

7In this article the term characteristic curves is used to refer to the lift of null geodesics to the null cone bundle.
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torsion). The vanishing of the Cartan torsion implies that the Finsler structure is a Riemannian
structure, in which case the flag curvature coincides with the sectional curvature.

Regarding causal structures, the main step is to realize that the 2n-dimensional space C carries
a quasi-contact structure (also known as even contact structure), i.e., a 1-form ω0 satisfying
ω0 ∧ (dω0)n−1 6= 0 and (dω0)n = 0. The 1-form ω0 is referred to as the projective Hilbert
form.8 It is shown that, for n ≥ 3, there are two essential local invariants which form the
total obstruction to local flatness. As one would expect, the Fubini cubic form of each fiber Cx
as a projective hypersurfaces in PTxM constitutes one of these obstructions whose vanishing
implies that the causal structure is a pseudo-conformal structure. The second essential invariant
is a generalization of the sectional Weyl curvature of a pseudo-conformal structure restricted
to the shadow space9 as found by Holland and Sparling in [34] (see Section 2.5). By analogy
with Finsler geometry, the second essential invariant is called the Weyl shadow flag curvature
(referred to as Wsf curvature.)

Furthermore, from the first order structure equations for causal geometries it follows that
a causal structure (M, C) can be equivalently formulated as having a manifold C2n equipped
with a distribution D of rank n which contains an involutive corank one subdistribution ∆ ⊂ D
and satisfies a certain non-degeneracy condition. The (small) growth vector ofD is (n, 2n−1, 2n),
i.e., rank[D,D] = 2n − 1, and rank[D, [D,D]] = 2n10 (see Section 2.4.2). In this case, Mn+1

is the space of integral leaves of ∆.11 This description identifies causal geometries as parabolic
geometries modeled on Bn−1/P1,2 and Dn/P1,2 for n ≥ 4 and D3/P1,2,3, with their natural |3|-
grading. As will be shown, they have some similar features to path geometries [28] and contact
path geometries [22], which correspond respectively to parabolic geometries modeled on An/P1,2

and Cn/P1,2.
Another essential part of any causal structure is given by its set of characteristic curves.

Note that as a quasi-contact manifold, C is equipped with the characteristic line field of the
projective Hilbert form, i.e., the unique degenerate direction of dω0 lying in Ker ω0, defined by
vector fields v satisfying

ω0(v) = 0, v ⌟ dω0 = 0.

The integral curves of a characteristic vector field v is called a characteristic curve. In the case
of pseudo-conformal structures the projection of these curves to M coincide with null geodesics.

The description above shows that, unlike Finsler geometry, the definition of characteristic
curves does not depend on a choice of metric. Recall that in Finsler geometry geodesics can be
defined as the extremals of the arc-length functional

Φ(γ) =

∫
I
γ∗φ,

where γ : (a, b) =: I → C is a curve in C and γ∗φ = L(xi; yi)dt. The function L(xi; yi) is called the
Finsler metric which in the calculus of variations is referred to as the Lagrangian. The Finsler
metric is homogeneous in yi’s and has non-degenerate vertical Hessian12. When addressing
the geodesics of a Finsler structure, or more generally extremal manifolds in the calculus of

8This terminology is introduced in analogy with the Hilbert form in Finsler geometry and the calculus of
variations [7].

9The terminology is due to a physical interpretation made by Sachs [57] according to which if an object follows
a congruence of null geodesics, its infinitesimal shadow casts onto the pull-back of this space. This term was
initially used by Holland and Sparling in [34].

10The sections of the distribution [D,D] are given by Γ([D,D]) = [Γ(D),Γ(D)].
11In [6], these structures are referred to as the Bn and Dn classes of what they call parabolic geometries of

Monge type.
12It is usually assumed that the Finsler metric when restricted to TxM only vanishes at the origin and is positive

elsewhere [7]. However, as was mentioned previously, the condition can be relaxed [63].
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variations, it is generally assumed that the Lagrangian does not vanish along them [27]. The
study of extremal curves along which the Lagrangian vanishes seems to have received much
less attention in the literature (see [55, 56]). The exception is the case of Lagrangians that are
quadratic in yi’s. This is due to the fact that they arise in the context of pseudo-conformal
structures. For instance, this problem is briefly discussed by Guillemin [29], where he studies
the deformations of the product metric π∗1dt2⊕−π∗2g on S1×S2 where π1 and π2 are projections
onto S1, and S2 and g is the round metric on S2, which is Zollfrei, i.e., all of its null geodesics
are closed with the same period. In Section 2.5.3 it is discussed how causal structures provide
a geometric setup for the variational problems involving certain classes of Lagrangians L(xi; yi)
which are homogeneous in yi’s and have vertical Hessian of maximal rank over their vanishing set.

The foliation of C defined by the characteristic curves allows one to define the quotient map
τ : C → N where N is (2n− 1)-dimensional and is called the space of characteristic curves of C.
A priori, N is only locally defined around generic points and can be used to give a geometric
description of the theory of correspondence spaces for causal structure in the sense of Čap [12]
(see Section 3.2). Note that the space N , when globally defined, is of interest in Penrose’s twistor
theory [42] and a twistorial desciption of causal relations among the points of the space-time [45].

Finally, an interesting instance of studying causal structure can be found in [37] where Hwang
considers complex causal structures arising on certain uniruled projective manifolds, Mn+1,
satisfying the property that through a generic point x ∈ M there passes an (n − 1)-parameter
family of rational curves of minimal degree. The hypersurface Cx ⊂ PTxM obtained from the
tangent directions to such curves at the point x is called the variety of minimal rational tangent
(or VMRT). Under the assumption that Cx is smooth of degree ≥ 3 for general x ∈ M , he
shows that the causal structure defined by them is locally isotrivially flat (see Definition 2.16)13.
Furthermore, it turns out that the characteristic curves for such causal structures coincide with
rational curves of minimal degree14. Finally, assuming that M has Picard number 1 and n ≥ 2,
he shows that M is biregular to a hyperquadric equipped with its natural causal structure (see
Section 2.2). This theorem is a generalization of what has been considered previously in [10, 69]
for complex conformal structures.

More broadly, Hwang’s study of causal structures is a part of the differential geometric
characterization of uniruled varieties initiated by Hwang and Mok [36] via geometric structures
referred to as cone structures (see Definition 2.1). The starting point for Hwang and Mok is
a given family of rational curves of minimal degree whose tangent directions at a generic point
x ∈M give rise to the VMRT Cx ⊂ PTxM . For instance, if Cx = PTxM one obtains the complex
analogue of path geometry [28] and if Cx is a hyperplane which induces a contact distribution
on M , one obtains a complex contact path geometry [22]. The program of Hwang and Mok seems
interesting and calls for further exploration from the perspective of the method of equivalence,
especially through the lens of flag structures as developed in [20].

1.2 Main results

In all the statements of this article smoothness of underlying manifolds and maps is always
assumed and the dimension of M is always taken to be at least four unless otherwise specified.

In Section 2, after reviewing the flat model for causal structures, the first order structure
equations for a causal geometry (Mn+1, C) of signature (p + 1, q + 1) are derived. It is shown
that the bundle of null cones C is foliated by characteristic curves and is endowed with the
conformal class of a quadratic form which is degenerate along the vertical directions of the

13Hwang refers to such structures as flat cone structures of codimension one.
14Motivated by the notion of conformal torsion introduced by LeBrun [41] and contact torsion introduced by

Fox [22], one can define causal torsion whose vanishing implies that the rational curves of minimal degree coincide
with the characteristic curves of the causal structure they define. The precise definition of causal torsion is not
given in this article.
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fibration C → M . Subsequently, the first order structure equations are used in Appendix A to
obtain structure equations leading to an {e}-structure.

The essential theorem of this article that is stated in Section 2.3.13 is the following.

Theorem 2.10. To a causal structure
(
Mn+1, C2n

)
, n ≥ 4, one can associate an {e}-structure

on the principal bundle P1,2 → P → C of dimension (n+3)(n+2)
2 where P1,2 ⊂ O(p+ 2, q + 2) is

the parabolic subgroup defined in (2.2). If n = 3, then P1,2 is replaced by P1,2,3. The essential
invariants of a causal structure are the Fubini cubic form of the fibers and the Wsf curva-
ture. The vanishing of the essential invariants implies that the {e}-structure coincides with the
Maurer–Cartan forms of o(p+ 2, q + 2).

The proof of the above theorem takes up most of Appendix A. Using the {e}-structure thus
obtained, it is straightforward to deduce that the essential invariants are the Fubini cubic form
and the Wsf curvature. Section 2.4 deals with the parabolic nature of causal structures. In
Section 2.5 some geometrical interpretations of the essential invariants are given. The first
Section ends with examples of causal structures.

In Section 3.1, the structure equations for causal geometries with vanishing Wsf curvature
are examined. It is shown that if the Lie derivative of the Fubini cubic form along the vector
fields tangent to the characteristic curves is proportional to itself, then the Wsf curvature has to
vanish, unless the causal geometry is a pseudo-conformal structure. Such spaces are the causal
analogues of Landsberg spaces in Finsler geometry15.

Section 3.2 involves the induced structure on the space of characteristic curves, N , of a causal
structure with vanishing Wsf curvature. The (2n−1)-dimensional manifold N is shown to have
a contact structure and is endowed with an (n+1)-parameter family of Legendrian submanifolds
with the property that through each point γ ∈ N there passes a 1-parameter family of them.
Moreover, the sub-bundle of TN defined by the contact distribution contains a Segré cone of
type (2, n− 1). The theorem below is proved in which the property of being β-integrable means
that at every point γ ∈ N , the Segré cone is ruled by the tangent spaces of the corresponding
1-parameter family of Legendrian submanifolds passing through γ.

Theorem 3.6. Given a causal structure with vanishing Wsf curvature (C,M), its space of
characteristic curves admits a β-integrable Lie contact structure. Conversely, any β-integrable
Lie contact structure on a manifold N induces a causal structure with vanishing Wsf curvature
on the space of its corresponding Legendrian submanifolds.

It should be noted that the theorem above is reminiscent of Grossman’s work [28] on torsion-
free path geometries. He showed that given a torsion-free path structure on Nn+1, the space
of paths, S2n, has a Segré structure, i.e., each tangent space is equipped with a Segré cone of
type (2, n). Furthermore, S contains an (n+1)-parameter family of n-dimensional submanifolds
such that through each point γ ∈ S there passes a 1-parameter family of them. Grossman showed
that at each point γ ∈ S, the Segré cone is ruled by the tangent spaces of the 1-parameter family
of submanifolds passing through γ. Such Segré structures are called β-integrable. Furthermore,
twistorial constructions such as that of Theorem 3.6 fit exactly into Čap’s theorem of corre-
spondence spaces [12]. However, Čap’s theory does not contain the geometric interpretation
given here in terms of existence of submanifolds that rule the null cone or the Segré cone. Such
interpretations are clear from the constructions presented here.

Appendix A contains the details of the equivalence problem calculations. Since causal struc-
tures are examples of parabolic geometries of type (Bn−1, P1,2) and (Dn, P1,2) if n ≥ 4 and
(D3, P1,2,3), they admit a regular and normal Cartan connection [6, 14]. Using the machinery of
Tanaka, the correct change of coframe can be given recursively, in order to introduce a Cartan

15See [7] for an account.
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connection on the structure bundle of causal geometries which is normal in the sense of Tanaka.
However, for computational reasons, writing down the precise form of the Cartan connection
leads to very long expressions which are not particularly enlightening (see [46]). Furthermore,
the first order structure equations suffice for the purposes of this article.

2 Local description of causal structures

In this section, after introducing the necessary definitions and notations, the first order structure
equations of causal structures are derived. It is assumed that the reader is familiar with Cartan’s
method of equivalence for G-structures (see [25, 51] for an account). The essential torsion terms
appearing in the first structure equations are interpreted geometrically. The derivation of the full
structure equations is carried out in Appendix A. In Section 2.5 a discussion on the fundamental
invariants of a causal structure is given. Finally, the section ends with a few examples of causal
structures.

2.1 Definitions and notational conventions

Since the main purpose of this article is the local study of causal geometries, the smoothness
of manifolds and maps that are considered is always assumed. In other words, the manifolds
considered are assumed to be the maximal open sets over which the necessary smoothness
conditions are satisfied.

Let M be a smooth (n+ 1)-dimensional (real or complex) manifold, n ≥ 3 and PTM denote
its projectivized tangent bundle with projection π : PTM → M , and fibers π−1(x) = PTxM .
Given a tangent vector y ∈ TxM , its projective equivalence class is denoted by [y] ∈ PTxM . For
S ⊂ PTxM , the cone over S is defined as

Ŝ := {y ∈ TxM | [y] ∈ S} ⊂ TxM.

Throughout this article, the indices range as

0 ≤ i, j, k ≤ n, 1 ≤ a, b, c ≤ n− 1, 0 ≤ α, β ≤ n− 1,

and are subjected to the summation convention. When a set of 1-forms is introduced as I =
I{ωi}ni=0, it is understood that I is the ideal algebraically generated by {ω0, . . . , ωn} in the
exterior algebra of M .

The symmetrization and anti-symmetrization operations for tensors are denoted using Pen-
rose’s abstract index notation. For example, consider a tensor with coefficients Aabcd. The tensor
A(ab|c|d) is symmetric with respect to all indices except the third, and A[a|bc|d] is anti-symmetric

in the first and last indices. When dealing with symmetric forms such as g = 2ω0◦ωn−εabωa◦ωb,
or Fabcθ

a ◦ θb ◦ θc with Fabc = F(abc), the symbol ◦ denotes the symmetric tensor product. Bold-
face letters such as i, j, a, b are used to denote a specific index, e.g., the set {ωa} only contains
the 1-form ωa. The summation convention is not applied to bold-face letters.

At this stage, before stating the definition of a causal structure, a more general geometric
structure, namely that of a cone structure, is defined [36]. The reason for this is that in the
process of coframe adaption for cone structures of codimension one, causal structures are distin-
guished as a sub-class of such geometries via the characterizing property of having tangentially
non-degenerate fibers (see Section 2.3.3).

Definition 2.1. A cone structure of codimension k ≤ n on Mn+1 is given by an immersion
ι : C → PTM where C is a connected, smooth manifold of dimension 2n+1−k with the property
that the fibration π ◦ ι : C →M is a submersion whose fibers Cx := (π ◦ ι)−1(x) are mapped, via
the immersion ιx : Cx → PTxM , to connected projective submanifolds of codimension k in PTxM .
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Two cone structures ι : C → PTM and ι′ : C′ → PTM ′ are locally equivalent around points
x ∈M,x′ ∈M ′, if there exists a diffeomorphism φ : U → U ′ where x ∈ U ⊂M and x′ ∈ U ′ ⊂M ′,
such that x′ = φ(x) and φ∗ (ι(C)) = ι′(C′φ(y)) for all y ∈M .

In this article, only cone structures of codimension one are considered i.e., the fibers ι(Cx) ⊂
PTxM are projective hypersurfaces. Since the map ι : C → PTM is assumed to be an immersion
and this article concerns the local nature of geometric structures, it is safe to drop the symbol ι
in ι(C) and ι(Cx) and denote them as C and Cx, respectively. As a result, by restricting to small
enough neighborhoods, one can safely assume C ⊂ PTM is a sub-bundle defined in an open set
U ⊂ PTM , where the fibers Cx are smooth submanifolds. Consequently, a cone structure of
codimension one over a manifold M can be represented by (C,M).

In local coordinates, a point of TM is represented by (x; y) where x = (x0, . . . , xn) are
the base coordinates and y = (y0, . . . , yn) are the fiber coordinates. In a sufficiently small
neighborhood of a point p = (x; z) ∈ C, the homogeneous coordinates [y0 : . . . : yn] can be

chosen so that z = [0 : . . . : 0 : 1] and the cone Ĉx is tangent to the hyperplane {y0 = 0}
along ẑ. The affine coordinates (y0, . . . , yn−1) obtained from setting yn = 1, are used to derive
the explicit expressions of the invariants. Using these preferred coordinates in a sufficiently small
neighborhood of p, it is assumed that C is given in terms of homogeneous coordinates as a locus

L
(
x0, . . . , xn; y0, . . . , yn

)
= 0,

where L is homogeneous of degree r in yi and, in terms of affine coordinates, as a graph

y0 = F
(
x0, . . . , xn; y1, . . . , yn−1

)
. (2.1)

Example 2.2. A cone structure of codimension one on Mn+1 whose fibers are hyperplanes
given by Kerω for some ω ∈ T ∗M , and are maximally non-integrable, i.e., ω ∧ (dω)k−1 6= 0,
is called a contact structure if n = 2k − 1, and a quasi-contact structure (or even contact
structure) if n = 2k. These can be considered as “degenerate” examples of codimension one
cone structures and have no local invariants. In these cases, the function F in (2.1) is of the
form F (x; y) = ca(x)ya + cn(x), with ω = dx0 + ca(x)dxa + cn(x)dxn.

Example 2.3. A pseudo-conformal structure, i.e., a conformal class of a pseudo-Riemannian
metric gij of signature (p + 1, q + 1), p, q ≥ 0, can be introduced by its field of null cones, i.e.,
the set of quadrics

Cx :=
{

[y] ∈ PTx | gijyiyj = 0
}
,

As a result, a pseudo-conformal structure is an example of a cone structure of codimension one,
which, in contrast to the previous example, is “non-degenerate” (see section 2.3.3). In terms of
the local form (2.1), a representative gij of the conformal class, at a point s = (x; y) ∈ C, can
be put in the form 2y0yn − εabyayb, where

[εab] = Ip,q :=

(
Ip 0
0 −Iq

)
,

and therefore F (s) = εaby
ayb.

In Section 2.3.3, when a coframe (ω0, . . . , ωn, θ1, . . . , θn−1) over C is introduced, the corre-
sponding coframe derivatives are denoted by

dG = G;iω
i +G;aθ

a.
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2.2 The flat model

When setting up the equivalence problem for a given geometric structure, finding the flat model
can be very helpful for identifying the structure bundle. Naturally, one expects the flat model
for causal structures to coincide with the flat model for conformal geometry. In causal geom-
etry, the flat model is obtained from the natural pseudo-conformal structure on a quadric.
Consider the quadric Qn+1

p+1,q+1 ⊂ Pn+2, where p + q = n − 1, given by tvSv = 0, where

v = t(y, x0, x1, . . . , xn, z) ∈ Rn+3 and

S :=


0 0 0 0 1
0 0 0 −1 0
0 0 Ip,q 0 0
0 −1 0 0 0
1 0 0 0 0


has signature (p + 2, q + 2). It is equipped with a pseudo-conformal structure of signature
(p+ 1, q+ 1), expressed as 2y0yn− εabyayb where yi’s denote the fiber coordinates of TQn+1

p+1,q+1.

The null cone bundle of this pseudo-conformal class is denoted by C ⊂ PTQn+1
p+1,q+1. Consider

the flag manifold

NFn+1
0,1 :=

{
(V1, V2) ∈ Gr01(n+ 3)×Gr02(n+ 3): V1 ⊂ V2

}
,

where Gr0k(m) denotes the space of k-dimensional subspaces of Rm which are null with respect
to the inner product S, e.g., Gr01(n + 3) ∼= Qn+1

p+1,q+1. Taking a basis {e1, . . . , em} for Rm, the

transitivity of the action of Gp,q := O(p+ 2, q+ 2) on Gr0k(m) results in isomorphisms Gr0k(m) ∼=
Gp,q/Pk where Pk is the parabolic subgroup isomorphic to the stabilizer of the subspace spanned
by {e1, . . . , ek}.

Let m = n + 3, n ≥ 4 and define the parabolic subgroup Pk1,...,ki := Pk1 ∩ · · · ∩ Pki of G.
Consequently, if follows that

NF4
0,1
∼= Gp,q/P1,2,3, p+ q = 2,

NFn+1
0,1
∼= Gp,q/P1,2, p+ q = n− 1 ≥ 3. (2.2)

The relevant fibrations are shown in the diagram below:

Gp,q

Qn+1
p+1,q+1

� π NFn+1
0,1

υ
?

τ- Gr02(n+ 3).

Note that NFn+1
0,1 is isomorphic to C. The Maurer–Cartan form on Gp,q determines a canonical

Cartan connection over C which, as will be shown, is associated to the flat causal structure.
Moreover, the fibration of Gp,q over Gr02(n + 3) gives the flat model for Lie contact structures
studied in [49, 59]. As will be seen, these structures arise on the space of characteristic curves
of certain classes of causal geometries.

The Maurer–Cartan form of Gp,q can be written as

ϕ =


φ0 + φn −πn −πb −π0 0
ωn φ0 − φn γb 0 −π0
ωa θa −φab γa πa

ω0 0 θb −φ0 + φn −πn
0 ω0 −ωb ωn −φ0 − φn

 , (2.3)
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with dϕ+ϕ∧ ϕ = 0. The symbol εab is used to lower and raise indices. The set of semi-basic16

1-forms with respect to the projections υ, υ ◦ π and υ ◦ τ are respectively

I1 =
{
ω0, . . . , ωn, θ1, . . . , θn−1

}
, I2 =

{
ω0, . . . , ωn

}
,

I3 =
{
ω0, . . . , ωn−1, θ1, . . . , θn−1

}
.

Each tangent space TpC is equipped with a filtration defined as follows. At p ∈ C, the line
over p, denote by p̂ ⊂ Tπ(p)Qn+1

p+1,q+1, is null. Let ω0 denote a representative of the dual projective
class of p̂ with respect to the conformally defined inner product S. For instance, if p = [en],
then take ω0 = e[n. Define K2 := Ann(π∗ω0) ⊂ TC. Using the tautological bundle

K1 :=
{
v ∈ TpC : (π∗(p)) (v) ∈ p̂ ⊂ Tπ(p)Qn+1

p+1,q+1

}
,

the filtration K1 ⊂ K2 ⊂ K3 := TC is obtained. At p ∈ C, let K−1(p) := K1(p), K−2 :=
K2(p)/K1(p) and K−3 := K3(p)/K2(p). The graded vector space

m(p) = K−1(p)⊕K−2(p)⊕K−3(p) (2.4)

can be associated to the filtration of TpC. Note that at each p ∈ C, m(p) ∼= m. The Lie bracket
on TC induces a bracket on m which is tensorial and makes m a graded nilpotent Lie algebra
(GNLA), i.e., [Ki,Kj ] = Ki+j with Ki = 0 for all i ≥ 4 and K−1 the generating component.
Let G0 denote the subgroup of automorphisms of TC, i.e., O(p + 2, q + 2), which preserves the
grading of m via the adjoint action. Let K0 denote the Lie algebra of G0. Then, the Lie algebra
of automorphisms of C, i.e., g = o(p+ 2, q + 2), admits a Z-grading defined by

gk := {g ∈ g : g ·Ki ⊂ Ki+k for 0 ≥ i ≥ −3}.

This is a |3|-grading, i.e., g = ⊕3
i=−3gi such that [gi, gj ] ⊂ gi+j with gi = 0 for |i| > 3, and g−1

generates g− := g−1 ⊕ g−2 ⊕ g−3.
Note that K1 = E⊕Ver where Ver is the vertical distribution with respect to the fibration π

and E = π∗(g−1). Moreover, TC is equipped with a conformally defined quadratic form obtained
by lifting the canonical one defined on Qn+1

p+1,q+1,

g = 2ω0 ◦ ωn − εabωa ◦ ωb,

which is degenerate on Ver. The group of automorphisms of TC, which preserves the grading
of m, also preserves the conformal class of the lifted quadratic form g on TC. The Lie algebra
g0 ⊂ g that corresponds to the group of automorphisms of m which preserves the grading, is
isomorphic to co(p, q)⊕ R.

Using the Maurer–Cartan form ϕ, the subspaces g−3, g−2, and g−1 are dual to the Pfaffian
systems I−3 := {ω0}, I−2 := {ωa}n−1a=1 , and I−1 := {ωn, θa}n−1a=1 .

In Sections 2.4.3 and 2.5.1 the correspondence between causal structures and parabolic geo-
metries of type (Bn−1, P1,2) and (Dn, P1,2) for n ≥ 4 and (D3, P1,2,3) will be made more explicit.

2.3 The first order structure equations

In this section the first order structure equations for causal geometries are derived via the
method of equivalence. The procedure involves successive coframe adaptations, as a result
of which various important aspects of causal geometries are unraveled, e.g., the quasi-contact
structure of C, the projective invariants of the fibers Cx, and the Wsf curvature. Also, it
is noted that a causal structure can be equivalently formulated as a codimension one sub-
bundle of PT ∗M , which is called a dual formulation of causal geometries. Such formulation is
traditionally preferred in the context of geometric control theory [2].

The derivation of the first order structure equations should be compared to that of Finsler
structures as presented in [11].

16A 1-form ω ∈ T ∗C is semi-basic with respect to the fibration π : C →M if ω(v) = 0 for all v ∈ π∗.
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2.3.1 The projective Hilbert form

Given a cone structure of codimension one (C,M), the subset Cx ⊂ PTxM is a projective
hypersurface, for all x ∈ M . At a point y ∈ Cx, the affine tangent space T̂yCx is defined as

the hyperplane TzĈx ⊂ TxM tangent to the cone Ĉx ⊂ TxM , containing z ∈ ŷ. Note that this
subspace is independent of the choice of z. It is important here to distinguish between the
affine tangent space T̂yCx ⊂ TxM and the vertical tangent space VT(x;y)C corresponding to the
fibration π ◦ ι : C →M .

The 1-form ω0 ∈ T ∗C, at (x; y) ∈ C is defined as a multiple of (π ◦ ι)∗(α) where α :=
Ann

(
T̂yCx

)
∈ T ∗xM . By definition, ω0 is defined up to a multiplication by a nowhere vanishing

smooth function on C and is therefore semi-basic with respect to the fibration π : C → M . In
this article ω0 is referred to as the projective Hilbert form.

2.3.2 The adapted flag

At each point (x; y) ∈ C, there is a natural basis
(
∂
∂ω0 , . . . ,

∂
∂ωn

)
for TxM adapted to the flag

ŷ ⊂ T̂yCx ⊂ TxM,

where
{

∂
∂ωn

}
and

{
∂
∂ω1 , . . . ,

∂
∂ωn

}
, respectively, span ŷ and T̂yCx.

In terms of the graph (2.1), the local expressions are

∂

∂ωn
= F

∂

∂x0
+ ya

∂

∂xa
+

∂

∂xn
,

∂

∂ωa
= ∂aF

∂

∂x0
+

∂

∂xa
,

∂

∂ω0
=

∂

∂x0
.

The dual coframe
(
ω0, . . . , ωn

)
can be written as

ωn = dxn, ωa = dxa − yadxn, ω0 = dx0 − ∂aFdxa + (ya∂aF − F )dxn. (2.5)

The pull-back of these 1-forms to C spans the semi-basic 1-forms with respect to the fibration
π : C →M . At each point p ∈ C, given by p = (xi; yi), these 1-forms are adapted to the flag

VTpC ⊂ Kp ⊂ Hp ⊂ TpC, (2.6)

where VTpM = Ker{ω0, . . . , ωn} is the vertical tangent bundle, Kp = Ker{ω0, . . . , ωn−1} is the
fiber of the tautological vector bundle given by

Kp = {v ∈ TpC |π∗(p)(v) ∈ ŷ ⊂ Tπ(p)M},

where p = (x; y), the line ŷ corresponds to the projective class of y and Hp = Ker{ω0} is the
quasi-contact distribution (see Section 2.3.5). To clarify the notation, if p = (x; y) then the
fiber VTpC is also denoted by TyCx and the quasi-contact distribution can be expressed as the

splitting TyCx ⊕ T̂yCx which is not unique.

2.3.3 Causal structures and the first coframe adaptation

Recall that a projective hypersurface V ⊂ Pn is called tangentially non-degenerate if its projective
second fundamental form has maximal rank (see [3, 58]). Now the stage is set to define causal
structures.

Definition 2.4. A causal structure of signature (p + 1, q + 1) on Mn+1 is a cone structure of
codimension one, (M, C), where the fibers Cx are tangentially non-degenerate projective hyper-
surfaces and their projective second fundamental form has signature (p, q) everywhere.
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In Section 2.3.6 it is shown that the tangential non-degeneracy assumption of the fibers Cx
implies that the signature of hab at any point of C determines its the signature of hab everywhere.

Let dV denote the vertical exterior derivative, i.e., the exterior differentiation with respect to
fiber variables yi. Using the expressions (2.5), it follows that

dV ω
0 ≡ −θ0a ∧ ωa, mod I

{
ω0
}
, (2.7)

where θ0a = ∂a∂bFdyb. As a result of (2.7) one obtains

dω0 = −2θ00 ∧ ω0 − θ0a ∧ ωa + T0iω
0 ∧ ωi + 1

2Tabω
a ∧ ωb + Tanω

a ∧ ωn.

By setting φ0 := θ00 − T0iωi, θa := θ0a − 1
2Tabω

b − Tanωn, one arrives at

dω0 = −2φ0 ∧ ω0 − θa ∧ ωa, (2.8)

which implies that ω0 has rank 2n− 1, i.e., ω0 ∧ (dω0)n−1 6= 0.

The 1-forms θa define vertical 1-forms with respect to the fibration π : C →M . The 1-forms θa
are linearly independent everywhere when the fibers Cx are tangentially non-degenerate at every
point, i.e., det(∂a∂bF ) 6= 0.

Since the vertical 1-forms θ1, . . . , θn−1 are linearly independent, at each point (x; y) ∈ C, one
obtains a coframe Itot := {ω0, . . . , ωn, θ1, . . . , θn−1} for T(x;z)C adapted to the flag

VTpC ⊂ Kp ⊂ Hp ⊂ TpC, (2.9)

defined previously in (2.6). Such a coframe is called 1-adapted. For a quadric, this filtration
coincides with the one introduced in (2.4). In analogy with the flat model, the following algebraic
ideals are defined:

Itot = I
{
ω0, . . . , ωn, θ1, . . . , θn−1

}
, Ibas = I

{
ω0, . . . , ωn

}
,

Ichar = I
{
ω0, . . . , ωn−1, θ1, . . . , θn−1

}
.

Using the expressions (2.5), equation (2.8) gives

θa = ∂a∂bFdyb + ∂0∂aFdx0 + ∂b∂aFdxb + (∂a∂nF − ∂aF − ∂0F∂aF )dxn. (2.10)

From the expression above it follows that the linear independence of θa’s modulo ωi’s is equivalent
to the non-degeneracy of the vertical Hessian ∂a∂bF .

The fact that such a coframing is adapted to the flag (2.9) and satisfies (2.8) implies that
different choices of 1-adapted coframes are related by

ω0 7−→ a2ω0, ωa 7−→ Eaω0 + Aa
bω

b,

ωn 7−→ eω0 + Baω
a + b2ωn, θa 7−→ Caω

0 + Sab
(
A−1

)b
cω

c + a2
(
A−1

)b
aθb.

In the language of G-structures, the structure group of the bundle of 1-adapted coframes, G1,
is of the form


a2 0 0 0
E A 0 0
e B b2 0
C tA−1S 0 a2 tA−1

 A ∈ GLn−1(R), a,b ∈ R\{0},
tB,C,E ∈ Rn−1, e ∈ R,
S ∈Mn−1(R), S = tS

 . (2.11)
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Remark 2.5. The reason for using a2 and b2 in G1 is as follows. Let L(xi; yi) be a Lagrangian
function for a causal structure, i.e., the vanishing set of L defines C. As is conventional in the case
of pseudo-conformal structures, it is desirable to restrict to the set of causal transformations pre-
serving the sign of L in a neighborhood of the null cones, i.e., restricting to the set of Lagrangians
of the form S2L for some nowhere vanishing homogeneous function S : TM → R. Recall that
the projective Hilbert form in terms of L is given by ω0 = ∂iLdxi. Replacing L by S2L and
restricting to the zero locus of L, the projective Hilbert form transforms to S2(Lidx

i) = S2ω0.
This observation justifies the use of a2 in G1. Moreover, recall that a line bundle is called
orientable if it has a non-vanishing global section. In the case of contact manifolds, a contact
distribution is called co-orientable or transversally orientable if it has a globally defined contact
form [44]. Similarly, a quasi-contact structure is called co-orientable if it has a globally defined
quasi-contact form ω0. If the quasi-contact distribution on C is given a co-orientation, it is pre-
served under the action of G1. Similarly, if the characteristic field of a quasi-contact structure
(see Section 2.3.5) is given an orientation, then having b2 in (2.11) implies that the structure
group G1 preserves the orientation of the characteristic field. Moreover, the conformal scaling of
the quadratic form g defined in Section 2.3.11 by the action of G1 is given by a2b2. As a result,
it is possible to define space-like and time-like horizontal vector fields v in TC via the signature
of g(v, v).

To implement Cartan’s method of equivalence, one lifts the 1-adapted coframe to the G1-
bundle in the following way (see [25, 38, 51] for the background). Recall that the set of all
coframes on C, defines a GL(2n)-principal bundle ς̃ : P̃ → C, with the right action

Rg(ϑp) = g−1 · ϑp,

where ϑp ∈ ς−1(p) is a coframe at p ∈ C, g ∈ GL(2n), and the action on the right hand side is
the ordinary matrix multiplication.

Among the set of all coframes on C, let ϑ represent 1-adapted coframes t(ω0, . . . , θn−1), which
are well-defined up to the action of G1. As a result, the 1-adapted coframes are sections of a G1-
bundle ς1 : P1 → C. On P1 ∼= C ×G1 one can define a canonical set of 1-forms by setting

ϑ(p, g) = t
(
ω0, . . . , θn−1

)
:= g−1 · ϑp,

where ϑp is a choice of 1-adapted coframe at p ∈ C.
The exterior derivatives of the 1-forms in ϑ are given by

dϑ = dg−1 ∧ ϑ+ g−1 · dϑ = −g−1 · dg · ∧ g−1ϑ+ g−1 · dϑ = −α∧ ϑ+ T, (2.12)

where α(p, g) = g−1 ·dg is g1-valued 1-form where g1 denotes the Lie algebra of G1. The 2-forms
T (p, g) can be expressed in terms of ωi ∧ ωj , θa ∧ ωi, θa ∧ θb. The terms constituting T are called
the torsion terms. They are semi-basic with respect to the projection ς1. Via α, one can identify
the vertical tangent spaces of the fibers of ς1 : P1 → C with g1. The g1-valued 1-form α is called
a pseudo-connection on P1 which is not yet uniquely defined. Recall that the difference between
a connection and a pseudo-connection on G1-bundle lies in the fact that a connection form α̃
satisfies the equivariance condition R∗gα̃ = Ad(g−1)α̃, where g ∈ G1, while a pseudo-connection
in general does not.

A choice of pseudo-connection in (2.12) gives rise to structure equations for the 1-forms ϑ.
For 1-adapted coframes, the pseudo-connection forms are of the form,

2φ0 0 0 0
γa0 ψab 0 0
γn0 γna 2φn 0
πa πab 0 2φ0δ

a
b − ψab

 ,

where πab = πba.
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It follows that

dω0 = −2φ0 ∧ ω0 − θa ∧ ωa, (2.13a)

dωa = −γa0 ∧ ω0 − ψab ∧ ωb − hab θb ∧ ωn, (2.13b)

dωn = −γn0 ∧ ω0 − γna ∧ ωa − 2φn ∧ ωn, (2.13c)

dθa = −πa ∧ ω0 − πab ∧ ωb + ψba ∧ θb − 2φ0 ∧ θa + σa ∧ ωn + σba ∧ θb, (2.13d)

where the 1-forms σa, σ
b
a, are the torsion terms and vanish modulo Itot. Their components are

determined in Section 2.3.9.

The equation of dω0 follows directly from (2.8). Moreover, the Pfaffian system Ibas, is
completely integrable with the fibers Cx being its integral manifolds. It follows that dωa =
τai ∧ ωi, and dωn = τni ∧ ωi, where τai, τ

n
i ≡ 0 modulo Itot. Using the fact that the action

of G1 preserves Ibas, and that two pseudo-connection differ by a semi-basic g1-valued 1-form, all
the 1-forms τai , τni can be absorbed into the pseudo-connection forms. The only torsion term
left is habθb ∧ ωn, for some function hab, which is discussed in Section 2.3.6. From now on, since
structure equations are always written for the lifted coframe ϑ, the underline in ωi and θa’s will
be dropped.

Remark 2.6. The oriented projectivized tangent bundle P+TM is defined so that at x ∈ M
the fiber P+TxM is isomorphic to the space of rays in TxM , or, equivalently, the set of oriented
real lines in TxM passing through the origin. As a result, P+TxM is the nontrivial double cover
of PTxM .

The above definition of cone structures, and more specifically causal structures, can be
changed so that C is a sub-bundle of P+TM . In the case of causal structures immersed in P+TM ,
the assumption that the fibers Cx = ι−1(x) be connected is not desirable. This is due to the
fact that Cx should be thought of as the light cones which are comprised of the future and past
light cones whose projectivizations are disjoint. Thus, one expects Cx = C+x t C−x . This way, in
analogy with Finsler geometry, a cone structure is called reversible if Ĉ = −Ĉ. Otherwise, it is
called non-reversible. It should be noted that among oriented causal structures, non-reversible
ones can be of interest in certain problems due to possible differences in their future and past
light cones. This is similar to the case of non-reversible Finsler structures containing the im-
portant class of Randers spaces [8]. In [39], Kronheimer and Penrose use the term self-dual
for a reversible causal structure. This is due to the fact that they define the dual of a causal
structure to be the causal structure obtained from replacing all the causal relations between the
points of the space by their inverses, i.e., interchanging the words “future” and “past”.

2.3.4 A dual formulation of causal structures

In the context of geometric control theory, geometric structures arising from distributions are
typically formulated in the cotangent bundle [2]. Firstly, the definition of a Legendre transfor-
mation is recalled.

Definition 2.7. Given a sufficiently smooth real-valued function L, usually referred to as a Lag-
rangian, on TM , the associated Legendre transformation Leg: TM → T ∗M , is defined by

Leg = π̂ ◦ dV L,

where dV L defines a section of the product bundle TM×T ∗M , with the projection map π̂ : TM×
T ∗M → T ∗M . In local coordinates, Leg(xi; yi) = (xi; pi) where pi = ∂L

∂yi
, and (p0, . . . , pn) are

local coordinates for the fibers of T ∗M .
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The Legendre transformation is a local diffeomorphism provided that Leg∗ = ∂2L
∂yi∂yj

is non-

degenerate everywhere. The inverse Legendre transformation Leg−1 can be obtained by the
same procedure using the Hamiltonian function Q := A ◦ Leg−1 where A := dL(A)− L with A
being the Liouville vector field, i.e., A = yi ∂L

∂yi
− L in local coordinates. When the degree of

homogeneity of L is r 6= 1, Euler’s theorem gives Q = (r − 1)L ◦ Leg−1.

Changing the defining function to L′(x, y) = S(x, y)L(x, y), the function Leg remains in-
variant over C, hence the vanishing set of Q in T ∗M remains invariant. Consequently, one can
equivalently study the dual causal structure C∗ := Leg(C) ⊂ PT ∗M whose fibers C∗x ⊂ PT ∗xM
are the projective dual of the projective hypersurfaces Cx ⊂ PTxM .

Via the Legendre transformation the projective Hilbert form ω0 = ∂iLdxi is the pull-back of
the canonical contact form λ = pidx

i restricted to C∗ ⊂ PT ∗M , i.e.,

Leg∗
(
pidx

i
)

=
∂L

∂yi
(x, y)dxi.

Consequently, the coframe adaptation can be carried out using λ for the dual cone structure.
Hence, this dual formulation can be taken as the starting point for studying causal structures.

2.3.5 Characteristic curves and a quasi-Legendrian foliation

A causal structure comes with a distinguished set of curves which can be defined using the
quasi-contact nature of C. Recall from Example 2.2 that a quasi-contact structure (or even
contact structure) on a 2n-dimensional manifolds was defined locally in terms of a 1-form of
rank 2n − 1. As a result, there is a unique direction along which ω0 and dω0 are degenerate,
i.e., [v] ⊂ TPTM such that v ⌟ ω0 = 0 and v ⌟ dω0 = 0, which is called the characteristic field
of the quasi-contact structure and its integral curves are called characteristic curves (cf. [35]).
A section of the characteristic field is called a characteristic vector field.

In local coordinates using the defining function F in (2.1), one obtains that the vector field

F ∂
∂x0

+ ya ∂
∂xa + ∂

∂xn +Aa ∂
∂ya ,

where

Ab∂a∂bF = −F∂0∂aF − yb∂b∂aF + ∂aF + ∂0F∂aF − ∂a∂nF

represents a characteristic vector field on C.

Definition 2.8. Let M be a 2n-dimensional manifold with a quasi-contact 1-form ω ∈ Γ(T ∗M).
A submanifold N ⊂ M is called quasi-Legendrian if TxN ∈ Kerω and TxN ⌟ dω = 0 for all
x ∈ N , with the property that TxN is transversal to the characteristic field of ω.

The bundle C is 2n-dimensional and ω0 ∈ T ∗C has maximal rank 2n − 1, therefore, C has
a quasi-contact structure. The fibers Cx form a quasi-Legendrian foliation of C since the vertical
tangent spaces TyCx are annihilated by Ibas = {ω0, . . . , ωn}.

Moreover, using (2.8), the characteristic field of ω0 is the kernel of the Pfaffian system Ichar =
{ω0, . . . , ωn−1, θ1, . . . , θn−1}, which justifies the subscript char.

Remark 2.9. Recall that the geodesics of a Finsler structure are defined as the projection of
integral curves of the Reeb vector field associated to the contact structure on the indicatrix
bundle induced by the Hilbert form [11]. Here, the projection of the characteristic curves gives
an analogue of null geodesics in pseudo-conformal structures.
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2.3.6 Projective second fundamental form and the second coframe adaptation

The next coframe adaptation involves the projective second fundamental form of the fibers Cx.
Let dωa ≡ −habθb ∧ ωn modulo I{ω0, . . . , ωn−1}. Using the identity d2ω0 = 0, it follows that

habθa ∧ θb ∧ ωn = 0,

i.e., hab = hba. Using the local expressions of ωa in (2.5), one obtains that

dV ω
a ≡ −dya ∧ ωn mod I

{
ω0, . . . , ωn−1

}
.

Recall from (2.7) that dya = habθ0b where (hab) = (∂a∂bF )−1.
Using the structure equations (2.13), the infinitesimal action of the structure group G1 on hab

is obtained from the identity d2ωa = 0, and is given by

dhab + hacψbc + hbcψac − 2hab(φ0 + φn) ≡ 0 mod Itot. (2.14)

The relation above implies that the functions hab(p, g0) and h̃ab(p, g1) where g1 = gg0, with
g ∈ G1 represented by the matrix (2.11), are related by

h̃ab = a2b2(A)−1ac(A)−1bdh
cd. (2.15)

It follows that the bilinear form φ2 = habθa ◦ θb when pulled-back to the fibers Cx coincides with
its projective second fundamental form (see [3, 58]).

Note that by definition 2.4, tangential non-degeneracy of the fibers Cx implies that hab is non-
degenerate everywhere in C. As a result, the signature of hab, as a well-defined tensor over C,
remains the same everywhere.

Assuming that hab has signature (p, q), the relation (2.15) implies that Aa
b can be chosen so

that hab is normalized to εab. By restricting the G1-bundle to the coframes for which hab = εab,
and using the relation (2.14), it follows that

εacφbc + εbcφac ≡ 0 mod Itot, where φab = ψab − (φ0 + φn)δab. (2.16)

As a result, for such coframes one can replace ψab by φab+(φ0 +φn)δab where the matrix-valued
1-forms φab take values in o(p, q) modulo Itot

Coframings with normalized hab are 2-adapted, and they are local sections of a G2-bundle
over C where

G2 =




a2 0 0 0
E abA 0 0
e B b2 0
C AS 0 a

bA

 A ∈ O(p, q), a,b ∈ R\{0},
tB,C,E ∈ Rn−1, e ∈ R,
S ∈Mn−1(R), S = tS

 .

2.3.7 The third coframe adaptation

The 1-forms φab are o(p, q)-valued, i.e., φab + φba ≡ 0 modulo Itot, where φab = εacφ
c
b.

From (2.16) it follows that

ψab = φba + (φ0 + φn)δab + Eaibω
i + Fa

c
bθc, (2.17)

where Eaib = Ebia and Fa
c
b = Fb

c
a. Hence, with respect to 2-adapted coframes, the structure

equations are

dω0 = −2φ0 ∧ ω0 − θa ∧ ωa, (2.18a)
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dωa = −γa0 ∧ ω0 − φab ∧ ωb − (φ0 + φn)∧ ωa − εabθb ∧ ωn

− Eaicωi ∧ ωc − F abcθb ∧ ωc, (2.18b)

dωn = −γn0 ∧ ω0 − γna ∧ ωa − 2φn ∧ ωn, (2.18c)

dθa = −πa ∧ ω0 − πab ∧ ωb + φba ∧ θb − (φ0 − φn)∧ θa + σa ∧ ωn + σba ∧ θb, (2.18d)

where εab is used to raise the indices in Eaib and Fa
c
b. By replacing

φab 7−→ φab +
1

2

(
Eabcω

c − εaeEdecεdaωc + εcdE
c
abω

d
)
,

φn 7−→ φn + Ebnbω
n, γa0 7−→ γa0 + Ea0bω

b,

it can be assumed that Eabc and Ea0c vanish, and Eanb is trace-free.
Differentiating dωa, and collecting the terms of the form τab ∧ ωb ∧ ωn for some 1-form sa-

tisfying τab = τba and τaa ≡ 0 modulo Itot, one obtains[(
dEanb + 2Eanbφn + 2Ecn(aφ

c
b) + πab

)
∧ ωn − d(φ0 + φn)εab

]
∧ ωb = 0,

where Eanb = εacE
c
nb. Contracting the above equations with εab, and using the properties

Eanb = Ebna, E
a
na = 0, and φab = −φba, it follows that d(φ0 + φn) ≡ 1

n−1πabε
ab ∧ ωn mod-

ulo Ichar. As a result, the infinitesimal action of the structure group on Eanb is given by

dEanb + 2Eanbφn + 2Ecn(aφ
c
b) +

(
πab − 1

n−1πcdε
cdεab

)
≡ 0 mod Itot. (2.19)

Similarly to Section 2.3.6, it is possible to restrict to coframes with vanishing Eanb, and
consequently, by relation (2.19), the 1-forms πab are pure trace modulo Itot, i.e., πab = πnεab,
modulo Itot, for some 1-form πn. Such coframes are called 3-adapted.

The 3-adapted coframes are local sections of a G3-bundle, where G3 consists of matrices


a2 0 0 0
E abA 0 0
e B b2 0
C ctAε 0 a

b
tA

 A ∈ O(p, q), a,b ∈ R\{0},
tB,C,E ∈ Rn−1, c, e ∈ R

 .

2.3.8 Symmetries of F abc

In order to show F abc is completely symmetric, one first differentiates equation (2.18b) to obtain

0 ≡ εab
(
dθb − φcb ∧ θc + (φ0 − φn)θb + F cdbθd ∧ θc

)
∧ ωn mod ω0, . . . , ωn−1.

Differentiating equation (2.18a) yields,

0 =
(
dθc − φac ∧ θa + (φ0 − φn)θc + F abcθa ∧ θb

)
∧ ωc mod I

{
ω0, ωn

}
.

Comparing the two equations above, one obtains, F abc θa ∧ θb = 0, i.e., F abc = F bac. Recall,
in (2.17) the quantities F abc satisfy F abc = F cba, where F abc = εcdF abd. As a result, F abc is
totally symmetric.

2.3.9 The fourth coframe adaptation, Fubini cubic form and the Wsf curvature

The next coframe adaptation reveals the essential invariants of a causal structure, which are the
Fubini cubic forms of the fibers Cx and the Weyl shadow flag curvature (also referred to as the
Wsf curvature).
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Differentiating (2.18b) and collecting terms of the form τabc ∧ θb ∧ ωc satisfying τa
b
c = τc

b
a,

one has

0 ≡
[(

dF abc + F abdφcd + F adcφbd + F dbcφad − F abc(φ0 − φn)

−
(
γndε

dcεab − γa0εbc
))
∧ θb − d(φ0 + φn)εac

]
∧ ωc mod ω0, ωn. (2.20)

Contacting by εab, and defining

F a := εbcF
abc,

one arrives at

d(φ0 + φn) = 1
n−1
(
γb0 − γndεdb + dF b

)
∧ θb.

Putting this back in (2.20), and contracting with εbc gives

dF a ≡ −F bφab + F a(φ0 − φn)− n(n−2)
n−1

(
γa0 − γnbεba

)
mod Itot.

As before, the infinitesimal action above makes it possible to translate F a to zero. Therefore,
the class of 4-adapted coframes can be defined by the apolarity relation

F a = 0. (2.21)

The resulting reduction in the structure group is realized via the relation γa0 ≡ εabγnb modu-
lo Itot.

It can be shown that the cubic form

F3 = F abcθa ◦ θb ◦ θc,

when pulled-back to the fiber Cx, coincides with Fubini cubic form of Cx (see [3, 58]). This
becomes evident in the derivation of the local expression of F abc in (2.44).

It is noted that because the second fundamental form is normalized to εab, for any choice of
4-adapted coframe, the Fubini cubic form is well-defined tensor on C.

The structure group G4 is reduced to the group of matrices of the form


a2 0 0 0
E abA 0 0
e B b2 0
C ctAε 0 a

b
tA

 A ∈ O(p, q), a,b ∈ R\{0},
tB,C ∈ Rn−1, c, e ∈ R,
E = a

bA
tB

 ,

where tB denotes the transpose of B with respect to ε.
By setting γa0 − εabγnb = Ka

i0 ω
i +Kabθb, the structure equations after the fourth coframe

adaptation are of the form

dω0 = −2φ0 ∧ ω0 − θa ∧ ωa, (2.22a)

dωa = −εabγb ∧ ω0 − φab ∧ ωb − (φ0 + φn)∧ ωa − εabθb ∧ ωn

−Ka
i0ω

i ∧ ω0 −Kabθb ∧ ω0 − F abcθb ∧ ωc, (2.22b)

dωn = −γn0 ∧ ω0 − γa ∧ ωa − 2φn ∧ ωn, (2.22c)

dθa = −πa ∧ ω0 − εabπn ∧ ωb + φba ∧ θb − (φ0 − φn)∧ θa +Abaθb ∧ ωn

+Wanbnω
b ∧ ωn +Bbc

aθb ∧ θc + Ean
c
bθc ∧ ωb +Wanbcω

b ∧ ωc, (2.22d)

where γna is being replaced by γa.
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Differentiating (2.22a) yields

Aab = 0, Wanbn = Wbnan, Eanbc = Eancb,

Kab = Kba, Bab
c = 0, W[a|n|bc] = 0.

By making the following changes

γa 7−→ γa −Kcn0ω
n −K(ab)0ω

a, φn 7−→ φn −Kcn0 ω
c,

φab 7−→ φab + 1
2

(
T abcω

c − εaeT decεdaωc + εcdT
c
abω

d
)

+ 1
2

(
Ka

b − εacKd
cεeb

)
ω0,

where T abc = δabKcn0 − δacKbn0, and Kan0 = εabK
b
n0, it can be assumed that Ka

i0 vanishes.
By replacing

πn 7−→ πn + 1
n−1ε

acEanbc θ
b − 1

n−1ε
cdWcndn ω

n,

the traces of Wanbn and Eanbc are absorbed in πn, and therefore, Wanbn and Eancb can be chosen
to be trace-free in (a, b).

The symmetric trace-free tensor Wanbn is called the Weyl shadow flag curvature (the Wsf
curvature), which, as will be shown, is the second essential invariant of causal structures.

By differentiating (2.22b), and collecting 3-forms Aab θ
a ∧ ωb ∧ ωn such that Aab = Aba, and

Aaa = 0, it follows that

Eanbc = −fabc,

where fabc = Fabc;n, i.e., the derivative of Fabc along the characteristic curves.

2.3.10 The fifth coframe adaptation

There is one more coframe adaptation that can be imposed on any causal structure, which
reduces the structure group by one dimension. First, note that the derivative of (2.22b) gives((

dKab + 2Kc(aφb)c − 2Kab(φ0 − φn)− εabγn0 − F abcγc
)
∧ θb + dγa

)
∧ ω0 ≡ 0 (2.23)

modulo I{ω1, . . . , ωn}. To find the infinitesimal group action on Kab via the relation above one
needs to find the 2-form components νab ∧ θb of dγa where νab 6≡ 0 modulo Itot. Differentia-
ting (2.22c), it follows that(

dγa + F bcaγb ∧ θc + Λa
)
∧ ωa ≡ 0,

where Λa is of the form νba ∧ θb with νba ≡ 0 modulo Itot. Inserting the above expression of dγa
into (2.23), one sees that the infinitesimal action of the structure group G5 on Kab is given by

dKab + 2Kc(aφb)c − 2Kab(φ0 + φn) + εabγn0 − 2F abcγc ≡ 0 mod Itot.

Note that Kab is not a tensor as its infinitesimal transformation rule in terms of the structure
group involves F abc.

Using the apolarity relation (2.21), and the fact that Kab and φab are symmetric and skew-
symmetric respectively, the infinitesimal action of the structure group G4 on K := εabK

ab is
found to be

dK +K(φ0 − φn) + (n− 1)γn0 ≡ 0 mod Itot.

Now, the 5-adapted coframes can be defined by the property that K = 0. Hence, one obtains

γ0n = Mniω
i + Laθa.
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By replacing

γa 7−→ γa −Mna ω
0 − εabMnn ω

b, φn 7−→ φn − 1
2Mnn ω

0,

it can be assumed that Mni = 0.
The 5-adapted coframes are local sections of a G5-bundle where G5 is the matrix group

defined by


a2 0 0 0
E abA 0 0
e B b2 0
C c tAε 0 a

b
tA

 a,b ∈ R\{0}, c ∈ R,
A ∈ O(p, q), tB,C ∈ Rn−1,
E = a

bA tB, e = 1
2b2 B tB

 . (2.24)

2.3.11 Invariant conformal quadratic form

According to (2.24), the structure group G5 preserves the conformal class of the quadratic form

g := 2ω0 ◦ ωn − εabωa ◦ ωb, (2.25)

which is semi-basic with respect to the fibration π : C → M . At p = (x; [y]) ∈ C the null cone
of gp in TxM gives the osculating quadric of second order for Cx at [y] ∈ Cx.

As will be shown in Section 2.3.14, the vanishing of the Fubini form implies that the conformal
class of g is well-defined on M and that the null cones of the causal structure coincide with those
of g. In that case, the o(p, q)-valued part of the associated conformal connection is given byφn − φ0 θ 0

tγ φ tθ
0 γ φ0 − φn

 ,

where tγ and tθ are column vectors of 1-forms γa := εabγb and θa := εabθb, respectively. From
now on, εab will be used to raise and lower the indices a, b, c.

2.3.12 The first order structure equations

Having carried out five coframe adaptations, the first structure equations for causal structures
can now be expressed as follows.

The pseudo-connection form for the first order structure group is
2φ0 0 0 0
γa φab + (φ0 + φn) δab 0 0
0 γb 2φn 0
πa εabπn 0 −φab + (φ0 − φn)δab

 . (2.26)

Consequently, the structure equations can be written as

dω0 = −2φ0 ∧ ω0 − θa ∧ ωa, (2.27a)

dωa = −γa ∧ ω0 − φab ∧ ωb − (φ0 + φn)∧ ωa − θa ∧ ωn

−Ka
bθ
b ∧ ω0 − F abcθb ∧ ωc, (2.27b)

dωn = −γa ∧ ωa − 2φn ∧ ωn − Laθa ∧ ω0, (2.27c)

dθa = −πa ∧ ω0 − πn ∧ ωa + φba ∧ θb − (φ0 − φn) ∧ θa
− fabcθb ∧ ωc +Wanbnω

b ∧ ωn + 1
2Wanbcω

b ∧ ωc, (2.27d)
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with the following symmetries

Fabc = F(abc), F aab = 0, Kab = Kba, Ka
a = 0, fabc = Fabc;n,

Wanbn = Wbnan, W a
nan = 0, Wanbc = −W0acb, W[a|n|bc] = 0. (2.28)

The infinitesimal group action on the torsion coefficients is equivalent to saying that the
following 1-forms are semi-basic with respect to the fibration π : C →M :

DFabc := dFabc − Fabdφdc − Fadcφdb − Fdbcφda − Fabc(φ0 − φn), (2.29a)

DKab := dKab −Kacφ
c
b −Kbcφ

c
a − 2Kab(φ0 − φn)− 2Fabcγ

c, (2.29b)

DLa := dLa − Lb φba − 3La(φ0 − φn) +Kabγb, (2.29c)

DWanbn := dWanbn −Wancnφ
c
b −Wbncnφ

c
a − 4Wanbnφn, (2.29d)

DWanbc := dWanbc −Wdnbcφ
d
a −Wandcφ

d
b −Wanbdφ

d
c

−Wanbc(φ0 − 3φn) + (Wanbnεcd +Wancnεbd)γ
d. (2.29e)

By the infinitesimal actions (2.29), it follows that no more reduction of the structure group is
possible, unless certain non-vanishing conditions on the torsion coefficients are assumed. Such
special cases are considered in subsequent sections.

2.3.13 An {e}-structure

Using the first order structure equations, an {e}-structure can be associated to causal structures.
The necessary computations are carried out in Appendix A.

Theorem 2.10. To a causal structure
(
Mn+1, C2n

)
, n ≥ 4, one can associate an {e}-structure

on the principal bundle P1,2 → P → C of dimension (n+3)(n+2)
2 where P1,2 ⊂ O(p+ 2, q + 2) is

the parabolic subgroup defined in (2.2). If n = 3, then P1,2 is replaced by P1,2,3. The essential
invariants of a causal structure are the Fubini cubic form of the fibers and the Wsf curva-
ture. The vanishing of the essential invariants implies that the {e}-structure coincides with the
Maurer–Cartan forms of o(p+ 2, q + 2). The structure equations can be written as

dφ+ φ∧ φ =


−Φ0 − Φn −Πn −Πb −Π0 0

Ωn Φn − Φ0 Γb 0 −Π0

Ωa Θa Φa
b Γa Πa

Ω0 0 Θb Φ0 − Φn −Πn

0 Ω0 −Ωb Ωn Φ0 + Φn

 , (2.30)

where φ is defined in (2.3) and the right hand side of (2.30) is expressed in (A.12).

The proof of the above theorem will be continued in Appendix A and involves lots of tedious
calculations. Of course, it is desirable to find the right change of basis so that the {e}-structure
defines a Cartan connection. This issue is discussed in Section 2.4.3. It is noted the number
of torsion elements on the right hand side of the first order structure equations is minimal due
to the special absorption process that was undertaken here. When obtaining the {e}-structure
in Appendix A, to simplify computations, one term will be added to equation (2.27d) (see
Section A.1.4).

An immediate corollary of Theorem 2.10 is the following.

Corollary 2.11. The maximal dimension of the symmetry algebra of causal structures on
a (n+ 1)-dimensional manifolds is (n+3)(n+2)

2 which occurs only in the flat model.
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Proof. As explained in Section 2.2 the flat model has the maximal symmetries. Now, suppose
there is non-flat model that is maximally symmetric. Then, either the Fubini form or the Wsf
have a non-zero entry. However, by the infinitesimal group actions (2.29), the structure group
acts by scaling on both of the essential invariants. As a result, the symmetry group of the causal
structure has to be a proper sub-group of O(p + 1, q + 1) obtained after normalizing the value
of that non-zero entry of the essential invariants. Thus, it cannot be maximally symmetric. �

The corollary above is clear from the parabolic point of view, since any parabolic geomet-
ry (G,P ) has maximal symmetry dimension equal to dimG which can only be reached in the
flat case [14].

2.3.14 The case of conformal structures

Using the first order structure equations, an observation is made regarding (pseudo-)conformal
structures viewed as causal structures.

Proposition 2.12. A causal structure (M, C) of signature (p+ 1, q + 1) with vanishing Fubini
cubic form induces a pseudo-conformal structure of the same signature on M . The resulting
pseudo-conformal structure is flat if the initial causal structure has vanishing Wsf curvature,
and hence flat. Conversely, any pseudo-conformal structure defines a causal structure of the
same signature on its bundle of null cones. The resulting causal structure is flat if the initial
pseudo-conformal structure is flat.

Proof. To show the first part, note that if the Fubini form vanishes then, by the Bianchi identi-
ties (A.14), the quantities Kab and La vanish as well. The first order structure equations (2.26)
can be used to show that the Lie derivatives of the quadratic form g, defined in Section 2.3.11,
along vertical vector fields ∂

∂θ1
, . . . , ∂

∂θn−1
are given by

L ∂
∂θa

g = λg, (2.31)

for some non-vanishing function λ on C. The vector fields ∂
∂ωi

, and ∂
∂θa

are defined as dual to

the coframe ω0, . . . , θn−1. The vertical vector fields are integrable with the fibers Cx as their
integral manifolds, and M as the quotient space. Consequently, the conformal class of the
quadratic form g descends to M and because it is non-degenerate and of maximal rank on M ,
a pseudo-conformal structure on M is obtained with the same signature as that of g. If the causal
structure is flat, i.e., the {e}-structure is given by the Maurer–Cartan forms of O(p+ 2, q + 2),
then the structure bundle fibers over M as well, implying that the resulting pseudo-conformal
structure has to be flat too.

The converse part is shown similarly. Given a pseudo-conformal structure of signature
(p+ 1, q + 1), choose a coframe (ω0, . . . , ωn) so that a representative of the pseudo-conformal
structure takes the form g = 2ω0 ◦ωn− εabωa ◦ωb. On its null cone bundle π : C →M , the met-
ric g pulls back to define a quadratic form on C satisfying (2.31). The 1-forms ωi define a set of
semi-basic 1-forms on C. Using conformal transformations, ωi’s can be chosen to become adapted
to the flag (2.6). This can be seen as follows. The affine tangent space T̂yCx ⊂ TxM is a null
hyperplane and by a conformal transformation ω0 can be taken to be its annihilator. Moreover,
the dual of ω0 with respect to the metric g lies on ŷ. More explicitly, let y ∈ ŷ ⊂ Ĉ. Because,
gijy

iyj = 0, the 1-form ω0 as the annihilator of T̂yCx can be expressed as ω0 = gijy
jdxi. Now, it

is apparent that the dual of ω0 lies in ŷ. Since the metric is expressed as g = 2ω0◦ωn−εabωa◦ωb,
it follows that ωa(ŷ) = 0, and ωn(ŷ) 6= 0. Hence, ωi’s are adapted to the flag (2.6).

Since g satisfies (2.31), the resulting causal structure have vanishing Fubini form. If the
conformal structure is flat, i.e., isomorphic to the flat model, then as discussed in Section 2.2,
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the corresponding causal structure is flat as well. Because the construction is reversible, the
result follows from the first part of the proposition. �

The following corollary follows immediately.

Corollary 2.13. If a pseudo-conformal structure lifts to a causal structure with vanishing Wsf
curvature, then the resulting causal structure is flat.

Proof. By Proposition 2.12, a pseudo-conformal structure defines a causal structure with va-
nishing Fubini cubic form. If the resulting causal structure has vanishing Wsf curvature, then
all of its essential invariants are zero and is therefore flat. By Proposition 2.12, one obtains that
the initial pseudo-conformal structure has be flat as well. �

Remark 2.14. As was mentioned previously, the discussion above goes through in the case of
conformal structures of positive definite signature. The extra step would be to complexify the
inner product and the tangent bundle and work with complex causal structures endowed with
a reality condition. See [41] for a treatment of complex conformal structures.

2.4 Causal structures as parabolic geometries

This section provides the necessary definitions and theorems needed to characterize causal struc-
tures as parabolic geometries. A main reference on parabolic geometries is [14], but, for the
purposes of this section the articles [6, 40, 68, 71] suffice.

The main step is the characterization of causal structures by a bracket generating distri-
bution with certain properties, described in Section 2.4.2. As a result, causal structures on
an (n+ 1)-dimensional manifold can be viewed as regular normal infinitesimal flag structures of
type (Bn−1, P1,2) or (Dn, P1,2) if n ≥ 4, or (D3, P1,2,3) if n = 3. By a result of Tanaka–Morimoto–
Čap–Schichl, such structures can be canonically identified as regular normal parabolic geometries
of the same type.

2.4.1 Parabolic geometries and Tanaka theory

A parabolic geometry is a Cartan geometry (P, ω) of type (G,P ) where G is a real or complex
semi-simple Lie group and P ⊂ G is a parabolic subgroup. Recall that a Cartan geometry (P, ω)
of type (G,H) is a principle bundle H −→ P −→ M , endowed with a Cartan connection ω.
The 1-form ω takes value in g, the Lie algebra of G, and satisfies the following conditions:

1) ωu : TuP −→ g is an isomorphism of vector space for all u ∈ P,

2) V † ⌟ ω = V for all V ∈ h where V † is the fundamental field of V ,

3) (Rh)∗ω = Ad(h−1)ω for all h ∈ H.

A canonical way of identifying a geometric structure as a parabolic geometry is by charac-
terizing it in terms of certain bracket generating distributions possibly equipped with a tensor
field, e.g., conformal structures or semi-Riemannian structures. Recall the following definitions.
To any distribution D ⊂ TN , one can associate a Pfaffian system

D⊥ := {ω ∈ T ∗C |ω(u) = 0 ∀u ∈ D}.

Given a distribution D ⊂ TC, its space of sections is denoted by Γ(D) and its derived distribution
is defined by D2 = D+[D,D]. Here, D+[D,D] means a distribution whose sections are obtained
from Γ(D) + [Γ(D),Γ(D)]. Define D1 = D. The k-th weak derived distribution of D is defined
by

Dk+1 = Dk +
[
Dk, D

]
.
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One obtains that(
Dk+1

)⊥
=
{
ω ∈

(
Dk
)⊥ ∣∣ dω ≡ 0 mod

(
Dk
)⊥}

.

A distribution D ⊂ TN is called bracket generating if there exists k > 1 such that Dk = TN .
The small growth vector of a bracket generating distribution D is (d1, . . . , dk) where dk =
dim

(
Dk
)
. From now on, by restricting to a sufficiently small open set, it is assumed that the

growth vector of the distribution is constant.

On a manifold M , a bracket generating distribution, D, of depth µ induces a filtration of TxM
for all x ∈M , by

D(x) =: D1(x) ⊂ D2(x) ⊂ · · · ⊂ Dµ(x) = TxM.

Let m(x) denote the grading of TxM that corresponds to the filtration above, i.e.,

m(x) =

−µ⊕
i=−1

gi(x), gi(x) := D−i(x)/D−i−1(x).

At each x ∈ M , the Lie bracket induces a bracket on m(x) called the Levi bracket which is
tensorial and turns m(x) into a graded nilpotent Lie algebra (GNLA). The Lie algebra m(x)
is called the symbol algebra of D(x). A distribution D of constant type has the property that
m(x) ∼= m for some GNLA m for all x ∈M .

An interesting class of GNLA arises from pairs (G,P ) where G is a real or complex semi-
simple group and P ⊂ G is a parabolic subgroup in the following way. A |µ|-grading for the Lie
algebra of G, denoted by g, is a vector space decomposition

g = g−µ ⊕ · · · ⊕ gµ,

satisfying (i) [gi, gj ] ⊂ gi+j ; (ii) [gi, g−1] = gi−1 for all i ≤ −1, i.e., the negative part of the
grading,

g− := g−µ ⊕ · · · ⊕ g−1,

is generated by g−1; and (iii) g±µ 6= 0.

The subalgebra g− is GNLA and

p := g0 ⊕ g1 ⊕ · · · ⊕ gµ

is always a parabolic subalgebra of g. Its corresponding subgroup, P ⊂ G, is a subgroup that
lies between the normalizer NG(p) and its identity component. The subgroup G0 ⊂ P defined
as

G0 = {g ∈ P |Adg(gi) ⊂ gi for all i = −µ, . . . , µ}

preserves the grading of g.

For such a choice of (G,P ), there is a canonical construction of a bracket generating distribu-
tion whose symbol algebra is g−. Let Ng be the simply-connected Lie group with Lie algebra g−.
The left-invariant vector fields obtained from g−1 induces a distribution of constant type on Ng

whose symbol algebra is isomorphic to g−.

For a semi-simple Lie algebra g every derivation is inner. Therefore given a |µ|-grading of g it
admits a unique grading element, i.e., e ∈ g0 such that [e, g] = jg for all g ∈ gj and −µ ≤ j ≤ µ.
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Consequently, the space of q-forms on g− with values in g, denoted by Λq(g−, g), admits
a decomposition ⊕pΛp,q(g−, g) where Λp,q(g−, g) is the set of q-forms ω, with weight p, i.e.,
Leω = pω.17 The decomposition can be written as

Λp,q(g−, g) =
⊕
k

gk+p ⊗ ∧qk(g
∗
−), where ∧qk (g∗−) :=

∑
r1+···+rq=k
r1,...,rq<0

g∗r1 ∧ · · · ∧ g∗rq .

According to a theorem of Tanaka [68], if H1,p(g−, g) = 0, for all p ≥ 0, then via a process
called the Tanaka prolongation the Lie algebra of infinitesimal symmetries of a distribution with
symbol algebra g− is isomorphic to g, i.e., inf(D) = g.

The above theorem can be applied to regular infinitesimal flag structures of type (G,P ),
which is defined as follows. Consider a manifold M endowed with a bracket generating dis-
tribution of constant type whose symbol algebra is m. The graded frame bundle is a right
principal bundle Autgr(m) → Fgr(M) → M , where Autgr(m) is the group of automorphisms
of m that preserve the grading.18 If the symbol algebra of the distribution is isomorphic to g−
and Autgr(m) is isomorphic19 to G0 ⊂ Autgr(g−), then one says that the distribution induces
a regular infinitesimal flag structure of type (G,P ).

By a result of Tanaka [65], Morimoto [50] and Čap–Schichl [13], there is an equivalence of
categories between regular, normal parabolic geometries and regular infinitesimal flag structures
via Tanaka prolongation. Regularity and normality of a parabolic geometry (G,P ) is defined in
terms of its curvature function of its Cartan connection (P, ω) as follows. At each point s ∈ P,
the curvature Ω = dω + [ω, ω] of the Cartan connection can be used to define the curvature
function K : P → ∧2g∗− ⊗ g as

K(s)(X,Y ) = Ω
(
ω−1(X)(s), ω−1(Y )(s)

)
, X, Y ∈ g−,

where the space g∗− can be identified with g+ := ⊕i>0gi via the Killing form. The Spencer
cohomology groups Hp,q ⊂ g ⊗ ∧q(g∗−), are defined using the Kostant operators ∂ : Λp,q →
Λp−1,q+1, and ∂∗ : Λp,q → Λp+1,q−1, given by

∂c(X1 ∧ · · · ∧ Xq+1) =
∑
i

(−1)i+1[Xi, c(X1 ∧ · · · ∧ X̂i ∧ · · · ∧ Xq+1)]

+
∑
i<j

(−1)i+jc([Xi, Xj ]∧ X1 ∧ · · · ∧ X̂i ∧ · · · ∧ X̂j ∧ · · · ∧ Xq+1),

∂∗c(X1 ∧ · · · ∧ Xq−1) =
∑
i

[e∗i , c(ei ∧ X1 ∧ · · · ∧ Xq−1)]

+
1

2

∑
i,j

(−1)j+1c([e∗i , Xj ]− ∧ ei ∧ X1 ∧ · · · ∧ X̂j ∧ · · · ∧ Xq−1),

where c ∈ Λp,q(g) and [e∗i , Xj ]− denotes the g−-component of [e∗i , Xj ], with respect to the
decomposition g = g− ⊕ p. The operators above result in the orthogonal decomposition

Λp,q = Hp,q + �Λp,q,

where the operator � := ∂∗∂ + ∂∂∗ is referred to as the Kostant Laplacian and �Hp,q = 0.

17In [68], the space Λp,q is referred to as Cp−q+1,q.
18In case M is endowed with additional structure, e.g., conformal structures or semi-Riemannian structures,

this principal bundle can be reduced further.
19If there exists additional structure on the distribution then Autgr(m) reduces to G0.
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The Λp,2-component of the curvature function K is denoted by K(p). Consequently, K can
be decomposed as

K =

3µ∑
i=−µ+2

K(i), (2.32)

where K(p) : gi× gj → gi+j+p is the component of K with homogeneity p. Additionally, one can
decompose the curvature function as

K =

µ∑
i=−µ

Kp,

where Kp takes value in gp. The g−-component of K,
−1∑
i=−µ

Ki, is denoted by K−. The compo-

nents of the curvature lying in Hp,2 are called harmonic curvature which constitute the set of
essential invariants.

A Cartan connection is called torsion-free if K− = 0, normal if ∂∗K = 0, and regular if it is
normal and K(i) = 0, for all i ≤ 0.

2.4.2 Characterizing causal structures by a bracket generating distribution

The fact that [εab] is non-degenerate allows one to give a characterization of causal structures
in terms of a bracket generating distribution with a certain small growth vector obtained as
follows.

Define the distributions ∆ and D such that ∆⊥ = {ω0, . . . , ωn} and D⊥ = {ω0, . . . , ωn−1}.
The rank of D is n and ∆ is a completely integrable sub-distribution of D of corank 1 whose
integral manifolds are given by the fibers Cx. Let v be a characteristic vector field. It follows
that v ∈ D and v /∈ ∆.

Knowing dωa ≡ −εabθb ∧ ωn, modulo I{ω0, . . . , ωn−1} and that ∆ is completely integrable
implies that (D2)⊥ = {ω0}. Similarly, the equation dω0 ≡ −θa ∧ ωa, modulo I{ω0}, implies
(D3)⊥ = {0}, i.e., D3 = TC. As a result, the small growth vector of D is (n, 2n− 1, 2n).

Let {f1, . . . , fn−1} be a dual basis for ∆ and en be a basis for D/∆. Since the growth vector is
(n, 2n−1, 2n), it follows that rank(D2/D) = n−1. Because ∆ is Frobenius, one obtains that the
set of vectors ea = [en, fa] are linearly independent and span D2/D. This relation among ea, en
and fa is equivalent to the structure equation dωa ≡ −εabθb ∧ ωn modulo I{ω0, . . . , ωn−1}.

Furthermore, the equation dω0 ≡ −θa ∧ ωa modulo I{ω0}, implies that there is a non-
degenerate pairing between ea’s and fa’s, i.e., [ea, fa] = e0 (no summation involved) for all
1 ≤ a ≤ n− 1, where e0 spans D3/D2.

One can investigate the action induced by the structure group G5 in (2.24) on the symbol
algebra of D as follows. Each tangent space TxC admits a filtration D(x) ⊂ D2(x) ⊂ D3(x)
which results in the grading m(x) = g−1(x) ⊕ g−2(x) ⊕ g−3(x) where gi(x) = D−i/D−i−1 with
D0 = {0}. Using the Lie bracket, m(x) becomes a GNLA which would be the symbol algebra
of D. Since g−1 is given by the kernel of I1 := I{ω0, . . . , ωn−1}, the action of the structure
group G5 on Itot = I{ω0, . . . , ωn, . . . , θn−1}, modulo I1, is given by scaling on ωn and by
conformal transformations on θa, i.e.,

ωn → b2ωn, θa → a

b
Aa

bθ
b.

This action is isomorphic to the action of G0 as a subgroup of the parabolic subgroup P1,2, if
n ≥ 4 or P1,2,3 if n = 3, of O(p+2, q+2) where p+q = n−1. In other words, in causal structures
the group of automorphisms of the coframe bundle which preserves the grading of TxC is reduced
to G0.
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2.4.3 Normal Cartan connection

Using the flat model in Section 2.2, it follows that the symbol algebra arising from the bracket
generating distribution D, defined in Section 2.4.2 as {ω0, . . . , ωn−1}⊥, is isomorphic to the
negative part of the |3|-grading for g = o(p+ 2, q + 2), i.e.,

m ∼= g− = g−3 ⊕ g−2 ⊕ g−1.

The parabolic subalgebra that corresponds to this |3|-grading is denoted as p1,2 when n ≥ 4
and p1,2,3 when n = 3. The corresponding parabolic subgroup is given in Section 2.2, i.e., the
parabolic subgroup of O(p+2, q+2) that is isomorphic to the stabilizer of the subspace spanned
by {e1, e2} where {e1, . . . , en+3} is some basis for Rn+3 and p+q = n−1. Alternatively, p1,2 can
be described by crossing the first two nodes in the Dynkin diagrams Bn−1 and Dn when n ≥ 4
and all three nodes when n = 3.

Furthermore, the distribution D induces a regular infinitesimal flag structure. This is due
to the fact that the condition Hp,1(g−, g) = 0 is satisfied for all p ≥ 0. More directly, by the
discussion in Section 2.4.2 and the first order structure equations, one obtains that Autgr(g−) is
reduced to G0. Thus, by Tanaka prolongation one can view causal structures as regular, normal
parabolic geometries of type (Bn−1, P1,2) or (Dn, P1,2) if n ≥ 4, or (D3, P1,2,3). In Section 2.5.1
it is discussed that when n ≥ 4, causal structures are canonically isomorphic to regular, normal
parabolic geometries of type (Bn−1, P1,2) or (Dn, P1,2). When n = 3, causal structures are
“subgeometries” of regular, normal parabolic geometries of type (D3, P1,2,3), i.e., the integrability
of the fibers Cx, implies the vanishing of one of the harmonic curvature components of such
parabolic geometries.

Knowing the existence of a normal Cartan connection for causal structures, the normality
conditions of Tanaka are straightforward to obtain and can be used to recursively define the
correct change of basis which transforms the {e}-structure to a Cartan connection (see [46]).
Since finding the explicit expressions for the change of basis is very tedious and the result is not
particularly illuminating, finding the normal Cartan connection is not carried out here.

2.5 Essential invariants and the Raychaudhuri equation

In this section the essential invariants whose vanishing imply the flatness of the causal structure
are introduced. Their geometric interpretation is given. A variational problem is naturally
associated to a causal geometry which allows one to define the notion of null Jacobi fields in
the causal setting. Finally, the section ends with a discussion on associated Weyl connections
of a causal structure and a derivation of the Raychaudhuri equation for causal structures. In
this section there are references to Appendix A, particularly to the {e}-structure obtained in
Section A.1.4.

2.5.1 The harmonic curvature

According to the {e}-structure obtained in Section A.1.4, obstructions to the flatness of a causal
structure, as listed in Sections A.2 and A.3, are generated by Fabc and Wanbn. For instance,
differentiating (2.27d) gives

Wanbc = 2
3

(
Wan[b|n;|c] + Fa[c

dWb]ndn

)
+ 4

3(n+2)

(
εa[c|W

d
n|b]n;d + εa[bF

de
c]Wdnen

)
.

In Section A.2, the quantities Wijkl are expressed as the coframe derivatives of Wanbn with
respect to ∂

∂θa . As a result, in the case Fabc = 0, the vanishing of Wnabn implies flatness of the
causal structure.
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For an understanding of Wanbn, consider a 2-plane in TxM given by λ∧ µ where λ = λiei,
µ = µiei ∈ TM for some basis {e0, . . . , en}. The sectional conformal curvature of a pseudo-
conformal structure evaluated at λ∧ µ is defined by

W (λ∧ µ) = Wijklλ
iµjλkµl.

As a result, at the point (x, [y]) ∈ C, the invariant Wnabn can be interpreted as the part of the
conformal sectional curvature acting on 2-planes ξa = ∂

∂ωn ∧
∂
∂ωa . According to the construction

of the coframes in (2.6), ξ is a subset of T̂yCx and contains ŷ where [ŷ] = y ∈ Cx. It follows that
ξa = µa ∧ yi∂i, where µa is an element of the shadow space

S(x,[y]) := T̂yCx/ŷ. (2.33)

As a result, Wanbn can be thought of as the restriction of the bilinear form Wijkly
jyl to the

shadow space. This restriction is well-defined up to scale. Infinitesimally, this scaling action is
realized by the 1-form φn as is apparent from (2.29d).

Finally, it can be argued that the Fubini cubic form and the Wsf curvature coincide with
the harmonic curvatures of the parabolic geometries that correspond to causal structures. By
the discussion in Section 2.4.3, causal structures on an (n+ 1)-dimensional manifold correspond
to parabolic geometries of type (Bn−1, P1,2) and (Dn, P1,2) if n ≥ 4, and (D3, P1,2,3). As dis-
cussed in Section 2.4.1, a grading is induced on the cohomology classes of parabolic geometries.
Moreover, the set of essential invariants for a parabolic geometry is given by the harmonic cur-
vature. It turns out that for parabolic geometries of type (Bn−1, P1,2) and (Dn, P1,2) if n ≥ 4,
the infinitesimal flag structure is the same as causal structures and the harmonic curvature has
two irreducible components. Using the grading (2.32) of the curvature, one component has ho-
mogeneity one whose g0-irreducible representation is given as a totally symmetric and trace-free
cubic tensor. The other irreducible component has homogeneity two whose g0-irreducible rep-
resentation is given as a symmetric and trace-free bilinear form (see [6, 40, 68]). The structure
equations of causal geometries imply that the essential invariant Fabc corresponds to a coho-
mology class of homogeneity one and the Wsf curvature corresponds to a cohomology class of
homogeneity two. Also, from the infinitesimal group actions (2.29a) and (2.29d) one obtains
that the Fubini cubic form and the Wsf curvature are g0-irreducible. Moreover, one can impose
the Tanaka normality conditions on the pseudo-connection form of the {e}-structure to derive
a normal Cartan connection (see [46]). It turns out that the necessary change of coframe does
not affect the Fubini cubic form and the Wsf curvature, i.e., the essential invariants of the
{e}-structure coincide with the harmonic curvature.

The situation is different in four dimensions. Four dimensional causal structures are a special
class of parabolic geometries of type (D3, P1,2,3). The harmonic curvature of these parabolic
geometries is five dimensional, three of which have homogeneity one and two have homogeneity
two. Consider a four dimensional causal structure of split signature. The Fubini cubic form
of projective surfaces and the Wsf curvature are comprised of two entries.It turns out that
all these four entries are irreducible under the action of g0. As a result, four dimensional
causal structures are special cases of parabolic geometries of type (D3, P1,2,3) in which one of
the harmonic curvatures of homogeneity one is zero. The vanishing of this piece of harmonic
curvature amounts to the fibration π : C →M with 2-dimensional fibers.

2.5.2 The ssf curvature

The action of the structure group G5 defined in (2.24) on the bilinear form (2.25) is a scaling
action g → a2b2g. Fix a representative g and consider the sub-bundle P1 = {p ∈ P |a2b2 = 1},
where P denotes the structure bundle associated to the derived {e}-structure (see Section A.1.4).
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It follows that over P1 one has

0 = d
(
a2b2

)
= 2(φ0 + φn) + siω

i + saθ
a,

for some functions si and sa. Differentiating this equation again, it follows that

dsi ≡ πi + δ0i
(
saγ

a + saπ
a
)

+ δai
(
sbφ

b
a + snγa + saπn

)
mod Itot.

Consequently, si can be translated to zero by the action of the structure group. It follows that

πi = pijω
j + piaθ

a. (2.34)

Substituting (2.34) and φn = −φ0 +saθ
a into the structure equations, equation (2.27d) becomes

dθa = φab ∧ θb − 2φ0 ∧ θa + 1
2R

a
nijω

i ∧ ωj + Eanbiθ
b ∧ ωi + 1

2C
a
nbcθ

b ∧ θc,

where

Ranbn = W a
nbn + pnnδ

a
b, Ranbc = W a

nbc + δacpnb + δabpnc,

Ran0b = −pab + δabpn0, Ran0n = pan. (2.35)

In conformal geometry, the symmetric part of pij is referred to as the Schouten tensor. The quan-
tities Ranbn and pnn are called the shadow flag curvature and the scalar shadow flag curvature
(or the ssf curvature) of the causal structure respectively.

2.5.3 Null Jacobi fields and the tidal force

As was mentioned in Section 2.3.5, the characteristic curves of causal structures is intrinsically
defined by the quasi-contact structure of C. Nevertheless, one can associate a variational problem
to causal geometries via the Griffiths formalism [27] (see also [35]). As a result, the notion
of null Jacobi fields naturally arises. The corresponding Jacobi equations result in another
interpretation of the Wsf curvature. The fact that Jacobi equations of null Jacobi fields involve
the Wsf curvature has to do with the second Lie derivative of g in (2.25), which is referred to
as the tidal force [52].

Recall that for the Pfaffian system Ichar = {ω0, . . . , ωn−1, θ1, . . . , θn−1}, after fixing an interval
I = (a, b), one can define the space of smooth immersions of its integral curves as

Û (I) = {γ : I → C | γ∗(Itot) = 0}.

The space Û (I) can be given a Whitney C∞-topology. After making a choice of orientation
for the characteristic curves, the space of the characteristic curves of C, U (I), is defined as

Û (I)/Diff(I), i.e., the space obtained from Û (I) by identifying the characteristic curves that
are reparametrizations of each other.

Consider the functional Φ: U → R, which at a point [γ] ∈ U (I) is defined by

Φ([γ]) =

∫
I
γ∗ω0.

The triple (C, I, ω0) is referred to as a variational problem on C, and is intrinsic to any causal
structure. Since ω0(γ̇) = 0 everywhere, the above definition of Φ is independent of the choice of
representative γ ∈ [γ]. This is in contrast with Finsler geometry where the geodesics are defined
as the extremal curves of the arc-length functional which is always positive and are equipped
with a specific parametrization.
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Intuitively, the infinitesimal variations of a characteristic curve γ can be identified with the
tangent space TγU (I) which is the space of smooth variational vector fields along γ. To give
a more precise definition consider a parametrization for I = (a, b) and a map Γ: (−ε, ε)→ U (I).
As a result of such parametrization, the curves given by Γ(s) can be parametrized. Using this
parametrization, one can define Γ̂ : (−ε, ε) × I → C, as Γ̂(s, t) = (Γ(s))(t). The map Γ is
called a compact variation of the curve γ if the corresponding map Γ̂ is smooth, Γ̂(0, t) = γ(t),
Γ̂∗(s0, t)(Ichar) = 0, for any fixed s0, and Γ̂ is compactly supported in I, i.e., for all values
of s, the curves Γ̂(s, t) and Γ̂(0, t) coincide outside of a compact subset of I. Then, TγU (I) is
expressed as

TγU (I) :=

{
∂Γ̂

∂s
(0, t) Γ: (−ε, ε)→ U (I) is a compact variation of γ

}
.

The variational equations of a characteristic curve can be thought of as the first order approxi-
mation of TγU (I). A practical derivation of the variational equations can be given in terms of
the Pfaffian system Ichar.

Let η ∈ Ichar, and Γ a variation of the characteristic curve γ. By the definition of Γ̂(s, t),
one has Γ̂∗(s0, t)η = 0, and therefore L ∂

∂s
Γ̂∗(s, t)η ≡ 0 modulo I{ds}. Setting s = 0, the latter

expression implies that

γ∗
(
Ĵ ⌟ dη + d(Ĵ ⌟ η)

)
= 0,

where Ĵ(t) = ∂
∂s Γ̂(0, t) is the infinitesimal variations associated to Γ(s).

In the expression of the variational equations one can drop the pull-back γ∗ and write them
as

Ĵ ⌟ dη + d
(
Ĵ ⌟ η

)
≡ 0 mod Ichar.

The tangential component of the vector field Ĵ(t) along γ(t) has no effect on the variational
equations, hence ∂

∂ωn will be dropped from the expressions. Therefore, Ĵ along the curve γ(t)
can be expressed as

Ĵ(t) = V a(t)
∂

∂ωa
+ V a(t)

∂

∂θa
.

The vector field J = π∗Ĵ is called a null Jacobi field along the null geodesics π(γ(t)) ⊂M .
The variational equations for Ĵ(t) can be written as

Ĵ ⌟ dω0 + d
(
Ĵ ⌟ ω0

)
= 0, (2.36a)

Ĵ ⌟ dωa + d
(
Ĵ ⌟ ωa

)
= 0 mod Ichar := I

{
ω0, . . . , ωn−1, θ1, . . . , θn−1

}
. (2.36b)

Ĵ ⌟ dθa + d
(
Ĵ ⌟ θa

)
= 0, (2.36c)

equation (2.36a) gives no new information. The last two equations give

dV a + V bφab − V aωn ≡ 0,

dV a + V bφab +W a
nbnV

bωn ≡ 0 mod Ichar. (2.37)

Using the pseudo-connection from Section 2.3.12, the covariant derivative along characteristic
curves of vector fields lying within the shadow space (2.33) is given by

DvĴ ≡ v ⌟

(
dV a ∂

∂ωa
+ V bφab

∂

∂ωa

)
mod

∂

∂θ1
, . . . ,

∂

∂θn−1
,

where v is the characteristic vector field satisfying ωn(v) = 1.
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Using equations (2.37), it follows that

DvDvĴ ≡


−W a

nbnV
b ∂

∂ωa
mod

∂

∂θ1
, . . . ,

∂

∂θn−1
,

−
sf
WĴ mod

∂

∂θ1
, . . . ,

∂

∂θn−1
,

(2.38)

where
sf
W is viewed as an automorphism of the shadow space. Recall from Section 2.5.1 that

W a
nbn is given by ωa(W ( ∂

∂ωb
,v)v. Hence, defining

J ′ = π∗
(
DvĴ

)
,

the null Jacobi equation can be expressed as

J ′′ +W (J,v)v = 0, (2.39)

where J = π∗Ĵ and W (J,v)v denotes π∗
(
W (Ĵ ,v)v

)
. For convenience, in Section 2.5.4 equa-

tion (2.39) is expressed as

J ′′ +
sf
WJ = 0. (2.40)

In some references [52] (cf. [34]) the automorphism of the shadow space W a
nba : S(x,[y]) →

S(x,[y]) is called the trace-free part of the tidal force in analogy with the terminology from
general relativity. Equation (2.38) shows that variational problem for null geodesics only depends
on Wsf curvature and not the flag curvature.

2.5.4 The Raychaudhuri equation

In this section, a causal analogue of the Raychaudhuri equation along null geodesics is derived.
The approach that is taken here is presented in [9, Chapter 12].

Taking a section of the structure bundle, s : C → P, define the null Jacobi fields Ĵ1(t), . . . ,
Ĵn−1(t) along the characteristic curve γ(t) ⊂ C, t ∈ [a, b] by the initial conditions

Ĵa(t0) = 0, Dv(t0)Ĵa(t0) =
∂

∂(s∗ωa)
,

where t0 ∈ [a, b] and v(t) is tangent vector to γ(t). Define the (1, 1) tensor field called the null
Jacobi tensor as

A(t) = [J1(t), . . . , Jn−1(t)],

which is a (n− 1)× (n− 1) matrix whose bth column is the null Jacobi field Jb(t) = π∗(Ĵb(t)).

The optical invariants along null geodesics are defined as follows.

Definition 2.15. Let A be a null Jacobi tensor along a null geodesic and define B = A′A−1,
where A is invertible. The expansion, θ, vorticity tensor, ω and shear tensor, σ, are defined as

θ = Ba
a, ωab = 1

2

(
Ba

b − (B∗)ab
)
, σab = 1

2

(
Ba

b + (B∗)ab
)
− θ

n−1δ
a
b,

where B∗ denotes the adjoint matrix with respect to the bilinear form s∗g.
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Following the discussion in Section 2.5.3, after taking a section of the structure bundle one
obtains that a null Jacobi field satisfies the equation

J ′′ +
sf
RJ = 0,

rather than equation (2.40), where
sf
R represents the matrix form of the shadow flag curvature

Ranbn = W a
nbn + pnnδ

a
b defined in (2.35).

It follows that

A′′ +
sf
RA = 0.

Moreover, one has

B′ =
(
A′A−1

)′
= A′′A−1 −A′A−1A′A−1 = −

sf
R−B2.

Since B = ω + σ + θ
n−1 Id, one obtains

θ′ = tr(B′) = − tr(
sf
R)− tr(B2) = − tr(

sf
R)− tr

[(
ω + σ +

θ

n− 1
Id

)2
]
.

Using the fact that tr(ω) = tr(σ) = tr(ωσ) = 0 and tr(
sf
R) = (n− 1)pnn one arrives at

θ′ = −(n− 1)pnn − tr
(
ω2
)
− tr

(
σ2
)
− θ2

n− 1
,

which is the causal analogue of the Raychaudhuri equation along null geodesics.

2.6 Examples

In this section three examples of causal structures are given. The first one is obtained from the
product of two Finsler structures and the second and third ones are given in terms of a defining
function.

2.6.1 Product of Finsler structures

A Finsler manifold is denoted by (N,Σ), whereN is n-dimensional and Σ ⊂ TN is of codimension
one whose fibers Σp ⊂ TpN are strictly convex hypersurfaces. The fiber bundle Σ is often referred
to as the indicatrix bundle over which the Finsler metric has unit value. It is known [11, 16]
that Σ is equipped with unique coframing η =

(
η0, η1, . . . , ηn−1, ζ1, . . . , ζn−1

)
satisfying

dη0 = −ζa ∧ ηa,
dηa = ζa ∧ η0 − ψab ∧ ηb − Iabcζb ∧ ηc, (2.41)

dζa = ψba ∧ ζb +R0a0bη
0 ∧ ηb + 1

2R0abcη
b ∧ ηc − Jabcζb ∧ ηc

for some invariants Iabc, Jabc, R0a0b and R0abc. The 1-form η0 is called the Hilbert form of the
Finsler structure which, at the point v ∈ Σp, is uniquely characterized by the conditions

η0(HvΣp) = 0, η0(v) = 1,

where HvΣp ⊂ TpN is the tangent hyperplane to Σp at the point v. As a result of the structure
equation, η0 induces a contact structure on Σ whose associated Reeb vector field defines the
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geodesic flow of the Finsler structure on Σ. Moreover, the quadratic form ω0 ◦ ω0 + δabω
b ◦ ωc

is well-defined for the Finsler structure. It turns out that the quantity Iabc = δadδbeI
de
c can be

used to define the cubic form Iabcζ
a ◦ ζb ◦ ζc, which, when restricted to a fiber Σp, coincides with

the centro-affine cubic form of the hypersurface Σp ⊂ TpN . The quantities Jabc measure the
rate of change of Iabc along the geodesics, i.e., Jabc = ∂

∂η0
Iabc. The quantity R0a0b is symmetric

using which the flag curvature of the Finsler structure can be represented by

R0a0bη
a ◦ ηb.

Let (N,Σ) and (Ñ , Σ̃) be two Finsler manifolds. Given a strictly positive function f on their
product space, at a point p ∈ M = N × f Ñ , one can define a projective hypersurface whose
associated cone is given by

Ĉp =
{

(v, ṽ) ∈ Tp
(
N × Ñ

)
|λfv ∈ Σπ(p), λṽ ∈ Σ̃π̃(p) for some λ ∈ R

}
.

As a result, M is equipped with a causal structure of signature (n, ñ) where ñ = dim Ñ . Note
that it is assumed that the Finsler structures are reversible.

If G and G̃ represent the Finsler metrics on N and Ñ , respectively, then the causal structure
on M is locally given as the zero locus of G − fG̃. If f only depends on N , then the above
causal structure corresponds to the warped product of the Finsler structures on N and Ñ .

More specifically, let M = N × fR, where N is a 3-dimensional Finsler manifold. On N there
is the unique coframing

(
η0, η1, η2, ζ1, ζ2

)
satisfying (2.41). If η3 represents a 1-form on R, one

has

df = f,0η
0 + f,1η

1 + f,2η
2 + f,3η

3,

where f,i = ∂
∂ηi
f are called the coframe derivatives of f . The projective Hilbert form is a multiple

of

ω0 = 1√
2

(
η0 − fη3

)
,

where, by abuse of notation, the pull-backs are dropped and η0 and η3 represent π∗
(
η0
)

and π̃∗
(
η3
)
.

A choice of 3-adapted coframing for the causal structure on M is given by

ω1 = η1, ω2 = η2, ω3 = 1√
2

(
−η0 − fη3

)
,

θ1 = 1√
2
ζ1 − 1√

2
f,1η

3, θ2 = 1√
2
ζ2 − 1√

2
f,2η

3,

γ1 = − 1√
2
ζ1 + 1√

2
f,1η

3, γ2 = − 1√
2
ζ2 + 1√

2
f,2η

3,

φ0 = −φ3 = −1
2f,0η

3, φ = π3 = 0.

The quantities F abc in the structure equations (2.18) coincide with Iabc in (2.41). By absorbing
the trace of Fabc and Kab, a 5-adapted coframing (ω̃i, θ̃a) is given by

ω̃0 = ω0, ω̃a = ωa +Aaω0, ω̃3 = ω3 +Bω0, θ̃a = θa,

where

A1 = −1
2(I111 + I122), A2 = 1

2(I112 + I222),

B = 1
4

((
A1
)2

+
(
A2
)2)− 1

2
√
2

(
A1

,1 +A2
,2

)
−A1F111 −A2F222,
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where F111 = 1
4(I111−3I122), F222 = 1

4(I222−3I211) are the components of the Fubini cubic form

of the causal structure and Aa,b denotes the coframe derivative ∂
∂ζb
Aa. A choice of connection

forms for the first order structure equations is given by

γ̃1 = γ1 +B,1ω
0 −

(
1√
2
B,0 +A1

,1

)
ω̃1 − 1

2

(
A1

,2 +A2
;1

)
ω̃2 + 1√

2
A1

,0ω̃
3 +Bθ1,

γ̃2 = γ2 +B,2ω
0 − 1

2

(
A1

,2 +A2
,1

)
ω̃1 −

(
1√
2
B,0 +A2

,2

)
ω̃2 + 1√

2
A2

,0ω̃
3 +Bθ2,

φ̃0 = −1
2A

1θ1 − 1
2A

2θ2,

φ̃3 = 1
2
√
2

(
−B,0ω0 +A1

,0ω̃
1 +A2

,0ω̃
2
)
,

φ̃ = 1
2

(
A1

,2 −A2
,1

)
ω0 + 1

2
√
2
A2

,0ω̃
1 − 1

2
√
2
A1

,0ω̃
2 − 1

2A
2θ1 + 1

2A
1θ2,

π̃3 = − 1√
2
A1

,0θ1 − 1√
2
A2

,0θ2 − 1
2

(
R0101 +R0202 + (ln f),11 + (ln f),22

)
ω̃3.

Consequently, the Wsf curvature is given by the trace-free part of

1
2R0a0b + 1

2(ln f),ab, (2.42)

where (ln f);ab := ∂
∂ηb

∂
∂ηa ln f . Moreover, the quantities Kab and La are given by

K12 = K21 = −
√

2A1
,2 − F112A

1 − F122A
2, K11 = −K22 = − 1√

2

(
A1

,1 −A2
,2

)
,

La = −
√

2B,a.

To see the symmetric relation K12 = K21 one needs to realize A1
,2 = A2

,1. It is rather straight-
forward to generalize this example to obtain a causal structure on M = N × fR where N is
an n-dimensional Finsler manifold. The corresponding Wsf is given by expression (2.42) and
the Fubini cubic form is obtained from the centro-affine cubic form of indicatrices of the Finsler
structure.

2.6.2 Cayley’s cubic scroll

Using the description (2.1), consider the causal structure on a 4-dimensional manifold given
locally as the graph of the function

F
(
xi; ya

)
= 1

3c111
(
y1
)3

+ c12y
1y2 + c1y

1 + c2y
2 + c0,

where the coefficients ci···k are functions of xi’s.
A choice of 1-adapted coframing is given by

ω0 = dx0 − ∂
∂yaFdxa +

(
ya ∂

∂yaF − F
)
dx3, ωa = dxa − yadx3, ω3 = dx3,

θa = ∂2

∂xi∂ya
Fdxi −

(
∂
∂xaF + ∂

∂x0
F ∂
∂yaF

)
dxn + ∂2

∂ya∂yb
Fdyb.

A 2-adapted coframing is given by

ω1 −→ ω1 − c111
c12

y1ω2, ω3 −→ 1
c12
ω3, θ1 −→ θ1 − c111

c12
y1θ2,

with respect to which the second fundamental form is normalized to hab = [ 0 1
1 0 ] . The details of

higher coframe adaptations won’t be discussed.
It should be noted that when the only non-zero coefficients are c12 = 1 and c0 = (x1)2,

then one obtains a local description of the split signature pp-wave metric. Moreover, when
c0 = c1 = c2 = 0 one obtains a local description of causal structures whose null cones are at
each point projectively equivalent to Cayley’s cubic scroll20 whose graph can be expressed as
y0 = 1

3(y1)3 + y1y2 in P3.

20A scroll is a ruled surface that is not developable [64].
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2.6.3 Locally isotrivially flat causal structures

This class of causal structures are the analogue of locally Minkowskian Finsler structures.

Definition 2.16. A causal structure
(
C,Mn+1

)
is called locally isotrivially flat if it is locally

equivalent to (M × V,M) where V ⊂ Pn is a projective hypersurface.

Alternatively, a locally isotrivially flat causal structure has the property that locally it can
be expressed as the graph of a function F (y) (see equation (2.1)). Note that an isotrivially flat
causal structure does not induce a conformal structure on M unless V is a quadric, in which
case the obtained conformal structure is flat.

The local expressions (2.5) and (2.10) of the 1-forms ωi and θa can be used to express the
Fubini cubic form and Wsf curvature. Firstly, note that θa = ∂a∂bFdyb. To express Fabc,
consider the following transformation

ω̃0 = a2ω0, ω̃a = Eaω0 + ωa, ω̃n = eω0 + ωn, θ̃a = a2θa. (2.43)

Differentiating ω̃0, it follows that

dω̃0 = −2φ0 ∧ ω̃0 − θ̃a ∧ ω̃a,

where φ0 = −da
a −

Ea

2a2 θ̃a. Consequently, in equation (2.13b) for 1-adapted coframes one obtains

γa0 = 1
a2 dEa + 1

a4

(
EaEb +Hab

)
θb, ψab = 1

a2 Eaθb, hab = 1
a2H

ab,

where [Hab] denotes the inverse matrix of the vertical Hessian [∂a∂bF ].
By composing equations (2.14) and (2.17), it follows that the Fubini cubic form F abc is defined

via the equation

dhab + hacψbc + hbcψac − 2hab(φ0 + φn) ≡ F abcθc mod Ibas.

Transformations (2.43) imply that φn = 0. Using the above expressions for φ0 and ψab, without
normalizing hab to εab, one can impose the apolarity condition habFabc = 0, as in (2.21), by
setting

a =
(

det(∂a∂bF )
) 1

2(n+1) , Ed = − a2

n+ 1
HabHcd∂a∂b∂cF.

Finally, using ∂a∂bF to lower indices, it follows that

Fabc = a−2
(
∂a∂b∂cF −

1

n+ 1

(
∂a∂bFFc + ∂b∂cFFa + ∂c∂aFFb

))
, (2.44)

where Fa = Hbc∂a∂b∂cF .
The above computations go through for any causal structure. The expression (2.44) (see

also [3, 58]) shows that the Fubini cubic form is a third order invariant. Using the Bianchi
identities (A.14), it follows that the jet order of the invariants Kab and La over C are four and
five, respectively.

To find the Wsf curvature, note that without normalizing hab, the quantities Eanb in equa-
tion (2.17) are defined via

dhab + hacψbc + hbcψac − 2hab(φ0 + φn) = Ean
bωn mod I

{
ω0, . . . , ωn−1, θ1, . . . , θn−1

}
,

which by isotrivially flatness is zero. Hence, the reduction of πab via (2.19), gives πab −
1

n−1ε
cdπcdεab ≡ 0 modulo Itot. Combining this with the fact that dθa ≡ 0 mod I{θ1, . . . , θn−1},

it follows that W a
nbn = 0, i.e., locally isotrivially flat causal structures have vanishing Wsf

curvature.
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3 Causal structures with vanishing Wsf curvature

In this section causal structures with vanishing Wsf curvature are studied. For such classes,
a compatibility condition is derived which can be used to give a causal analogue of Landsberg
spaces in Finsler geometry (see [7] for an account of various types of Finsler structures). The sec-
tion ends with a discussion on Lie contact structures on the locally defined space of characteristic
curves of a causal structure with vanishing Wsf curvature.

3.1 A compatibility condition

In this Section a class of causal structures which can be regarded as analogues of Landsberg
spaces in Finsler geometry is introduced. Their similarity is the content of Proposition 3.1.

Since DFabc in (2.29a) is semi-basic,

dFabc − Fabdφdc − Fadcφdb − Fdbcφda − Fabc(φ0 − φn) = Fabc;iω
i + Fabc;dθ

d. (3.1)

After taking the Lie derivative of (3.1) along characteristic curves and using the structure
equations, one arrives at

dfabc − fabdφdc − fadcφdb − fdbcφda − fabc(φ0 + φn) + Fabcπn ≡ 0 mod Itot.

Assume fabc = λFabc, for some function λ. Then, if Fabc 6= 0, the infinitesimal group action on λ
is given by

dλ− 2λφn + πn ≡ 0 mod Itot.

By translating λ to zero, the 1-form πn reduces to

πn = pniω
i + pnaθ

a. (3.2)

for some coefficients pni and pna. Replacing πn with the above expression in equation (2.27d),
one finds the infinitesimal action of the group G5 on pna to be given by

dpna − pna(φ0 + φn)− pndφda + πa ≡ 0 mod Itot.

Translating pna to zero results in the reduction

πa = paiω
i + pabθ

b. (3.3)

Consequently, equation (2.27d) changes to

dθa =
(
φba − (φ0 − φn)δba

)
∧ θb + 1

2Wanijω
i ∧ ωj + Eanb0θ

b ∧ ω0, (3.4)

where

Wanbn = pnn, Wanbc = −pnbεac + pncεab,

Wan0n = pa0, Wan0b = pab, Eanb0 = −pab.

Similarly, one finds that the normalization εabpab = 0 results in π0 ≡ 0 modulo Itot. It follows
that

π0 = p0iω
i + p0aθ

a. (3.5)

Assume furthermore that pnn 6= 0. Using the relation (2.29d), the infinitesimal group action
on pnn is found to be

dpnn − 4pnnφn ≡ 0 mod Itot. (3.6)
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Hence, the normalization pnn = ±1 can be made, resulting in φn reduced to

φn = riω
i + raθ

a. (3.7)

Furthermore, the infinitesimal group action of the reduced structure group on ra is given by

dra + rbφ
b
a − γa ≡ 0 mod Itot.

As a result, by translating ra to zero, the 1-forms γa are reduced, i.e.,

γa = qaiω
i + qabθ

b. (3.8)

After these reductions, the proposition below can be proved.

Proposition 3.1. A causal structure with vanishing Wsf curvature satisfying fabc = λFabc has
vanishing ssf curvature.

Proof. As was discussed, the condition fabc = λFabc results in the reduction of the 1-forms
πi according to equations (3.2), (3.3) and (3.5). Assuming pnn 6= 0, equation (3.6) is used to
reduce φn, as in (3.7), by normalizing pnn to a non-zero value c. Consequently, the 1-forms γa
can be reduced to (3.8).

Now that all the 1-forms πi, φn and γa are reduced equation (3.4) can be written as

dθa =
(
φba − φ0δba

)
∧ θb + cωa ∧ ωn + (pab − pn0εab)ω0 ∧ ωb + panω

0 ∧ ωn

− (pab + r0εab)θ
b ∧ ω0 − pnbεacωb ∧ ωc − rcεabθb ∧ ωc − rnθa ∧ ωn,

where c denotes the normalized value of pnn. It is noted that the translations of ra, pna, ε
abpab

to zero are used in the above equation. Similarly, express dωa and dωn by replacing γa and φn
with their reduced forms in (2.27).

The reduced structure equations can be used to express the identity d2θa = 0. Collecting the
coefficients of the 3-form θa ∧ ωb ∧ ωn, it follows that

cFabc +
(
rc;n − rn;c + 1

2pcn − pnc − rnqcn − rcrn
)
εab + pnbεac + panεbc +Wabcn = 0, (3.9)

where Wabcn = −Wbacn is a torsion term for Φab as defined in (A.3) and (A.8). According
to (A.16) and (A.19), the value of Wabcn is zero before the reduction. After reducing πa and γa,
it is found that

Wabcn = pbnεac − panεbc.

If c 6= 0, then equation (3.9) and the fact that Fabc is totally symmetric and trace-free imply
Fabc = 0. This is a contradiction with the assumptions fabc = λFabc and Fabc being non-
vanishing. As a result, c has to vanish. �

Remark 3.2. The proposition above has an analogue in Finsler geometry. Recall that a Finsler
metric is called Landsberg if the derivative of its Cartan torsion along geodesics is zero, i.e.,

İijk = 0.

It can be shown that if the flag curvature of a Landsberg metric with non-vanishing Cartan
torsion is constant, then it has to be zero [7, Section 12.1]. By the proposition above, the
condition Fabc;n = λFabc can be used to translate Fabc;n to zero. As a result of this translation,
if the causal structure has vanishing Wsf curvature, then its ssf curvature has to be zero.
This observation suggests that causal structures satisfying fabc = λFabc are causal analogues of
Landsberg spaces.
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3.2 β-integrable Lie contact structures

In this section it is shown how a causal structure with vanishing Wsf curvature descends to a Lie
contact structures on N . The construction is analogous to Grossman’s notion of β-integrable
Segré structures arising from torsion-free path geometries [28] (see also [47]).

Let p ∈ C be a generic point, that is a point admitting an open neighborhood U ⊂ C foliated
by characteristic curves. As a result, the quotient map τ : U → N 2n−1 defines the space of
characteristic curves in U .

Recall from Section 2.3.5 that a characteristic vector field v spans the unique degenerate
direction of ω0 and dω0, at every point, i.e.,

v ⌟ ω0 = 0, v ⌟ dω0 = 0.

It follows that Lvω0 = 0. Therefore, there exists a 1-form ω̃0 ⊂ Γ(T ∗N ) of rank 2n − 1 such
that τ∗ω̃0 = ω0. As a result, the quasi-contact structure on C defined by ω0 induces a contact
distribution on N . By abuse of notation, ω0 is used to denote ω̃0 as the distinction is clear from
the context.

Because

v ⌟ ωa = v ⌟ θa = 0,

the 1-forms ω0, . . . , θn−1 introduce a coframe on N , and the {e}-structure P fibers over N . To
understand the resulting structure on N , consider the flat model. Recall from Section 2.2 that
the flat causal geometry corresponds to the null cone bundle of a hyperquadric Qp+1,q+1 ⊂ Pn+2,
and its space of characteristic curves is the space of isotropic 2-planes denoted by G0(2, n+ 4).
The resulting structure was first studied by Sato and Yamaguchi in [59] referred to as Lie contact
structures. As a parabolic geometry, this geometry is modeled on (Bn−1, P2) or (Dn, P2), for
n ≥ 4 or (D3, P1,2) (see Section 2.4.3).

In this section it is shown how a causal structure with vanishing Wsf curvature descends
to a Lie contact structures on N . As was discussed in Section 2.3.13, no attempt is made to
introduce a Cartan connection for the Lie contact structure from the derived {e}-structure.

First, a definition of Lie contact structures in terms of a field of Segré cones of type (2,N) is
given. Let V be a 2N-dimensional vector space with a decomposition V ∼= R2 ⊗RN. An element
p ∈ V is said to be of rank one if and only if p = a ⊗ b. A Segré cone of type (2,N), denoted
by S(2,N), is defined as the set of rank one elements of this decomposition. In terms of local
coordinates

(
z11 , . . . , z

1
N, z

2
1 , . . . , z

2
N

)
adapted to this decomposition, the Segré cone is given by

the points satisfying the homogeneous quadratic equations

z1µz
2
ν − z2µz1ν = 0,

where 1 ≤ µ, ν ≤ N. As a result, a Segré cone of type (2,N) has a double ruling. A (N − 1)-
parameter ruling by 2-planes Ev ∼= R2 ⊗ v where v ∈ RN. Such 2-planes are called α-planes [4].
Another ruling of S(2,N) is given by the 1-parameter family of N-planes u⊗ RN where u ∈ R2.
Such N-planes are called β-planes.

The proposition below is used to show how a Lie contact structure is induced on N .

Proposition 3.3. Given a causal structure with adapted coframe (ωi, θa), the span of the bilinear
forms

Υab = θa ◦ ωb − θb ◦ ωa (3.10)

restricted to H = Kerω0 is invariant under the action of the structure group G5. Moreover, C
has vanishing Wsf curvature, if and only if span

{
Υab
}

is invariant along characteristic curves.
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Proof. By the matrix form of the structure group G5 in (2.24), it follows that the span of Υab

modulo I{ω0} is invariant under the action of G5.

Let v denote a characteristic vector field. To verify the second claim it suffices to note
that (2.27) implies

LvΥab = AabcdΥ
cd +

(
v ⌟ ωn

)(
W b

ncnω
a −W a

ncnω
b
)
◦ ωc,

where Aabcd = v ⌟
(
2φ0δ

a
c δ
b
d + δbdφ

a
c − δacφbd

)
. Thus, if the condition W a

nbn = 0 is satisfies, i.e.,
causal structure has vanishing Wsf curvature, then span

{
Υab
}

is invariant along the charac-
teristic curves. �

As a result of the proposition above, the set of tangent vectors u ∈ H satisfying Υab(u,u) = 0
is well-defined and gives a Segré cone of type (2, n− 1) in the contact distribution H ⊂ TN .

Definition 3.4. A manifold N2N+1 with a contact distribution H is said to have a Lie contact
structure of signature (p, q), p + q = N if there is a smoothly varying family of Segré cones
S(2,N) ⊂ Hx such that at every point x ∈ N , its β-planes are endowed with conformally
invariant inner product of signature (p, q) and are Lagrangian with respect to the symplectic
2-form that is induced by the contact 1-form on the contact distribution.

A Lie contact structure is called β-integrable if there exists a 1-parameter family of foliations
by Legendrian submanifolds with the property that given a point x ∈ N and a β-plane in
S(2,N) ⊂ Hx, there passes a unique member of the family through x, tangent to that β-plane.

There are other equivalent definitions of a Lie contact structure discussed in [70].

Remark 3.5. β-integrability condition gives rise to a foliation of the bundle ρ̃ : Eβ → N where Eβ
denotes the bundle of β-planes of the Segré cones. Because β-planes are Lagrangian subspaces
of the contact distribution, Eβ is a sub-bundle of LG(N ) where ρ : LG(N ) → N is the bundle
of Lagrangian–Grassmannians of the contact distribution H. Since, the bundle map ρ̃ is the
restriction of ρ to the sub-bundle Eβ, by abuse of notation, it is denoted by ρ as well.

The theorem below gives a characterization of causal structures with vanishing Wsf curvature
in terms of β-integrable Lie contact structures induced on their space of characteristic curves.

Theorem 3.6. Given a causal structure (C,M) with vanishing Wsf curvature of signature
(p+ 1, q + 1) its space of characteristic curves admits a β-integrable Lie contact structure of sig-
nature (p, q). Conversely, any β-integrable Lie contact structure of signature (p, q) on a space N
induces a causal structure of signature (p+ 1, q+ 1) with vanishing Wsf curvature on its space
of ruling Legendrian submanifolds.

Proof. To see how N is endowed with a Lie contact structure, firstly note that by Proposi-
tion 3.3 the contact distribution carries a Segré structure of type (2, n − 1). By the definition
of Υab, it follows that the β-planes, i.e., the 1-parameter ruling of the Segré cone, are given by

Ker
{
Aθa +Bωa | a = 1, . . . , n− 1

}
, (3.11)

[A : B] ∈ P1. Moreover, the inner product εabθ
a◦θb is of signature (p, q) and its conformal class is

well-defined on each β-plane, i.e., it is conformally invariant under the action ofG5 modulo Ibas =
I{ω0, . . . , ωn}. Finally, to show β-planes are Lagrangian consider a β-plane Eβ1 corresponding
to [A : B] ∈ P1 in (3.11). The tangent vectors (v1, . . . , vn−1) where va = B ∂

∂θa − A
∂
∂ωa define

a basis for Eβ1 . Because dω0 ≡ εabθa ∧ ωb, modulo I{ω0}, it follows that dω0(va, vb) = 0. Hence,
Eβ1 is Lagrangian with respect to the conformal symplectic form dω0.

As for the β-integrability of these Lie contact structures, the following lemma will be useful.
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Lemma 3.7. Given a causal structure with vanishing Wsf curvature, there is a canonical
bundle diffeomorphism $ : C → Eβ between the fiber bundles τ : C → N and ρ : Eβ → N ,.

Proof. Let γt = (x(t); y(t)) be a characteristic curve of C which corresponds to the point
[γ] ∈ N . Let D be the completely integrable distribution of TC given by the vertical tangent
spaces TyCx := Ker Ibas with Dt := Ty(t)Cx(t). By the discussion above, it follows that, at t = t0,

τ∗Dt0 ⊂ H[γ] is isotropic, (n − 1)-dimensional and lies in the zero locus of Υab, i.e., τ∗Dt0 is
a β-plane. By defining

$(γt0) = τ∗Dt0 ,

one obtains the desired diffeomorphism. �

Continuing the proof of Theorem 3.6, note that the fibers Cx, as the integral manifolds of D,
give a foliation of Eβ via the diffeomorphism $. Because of the transversality of the fibers Cx and
characteristic curves γ passing through x, it follows that the subsets τ(Cx) ⊂ N are immersed
as (n − 1)-dimensional submanifolds of N . These submanifolds are Legendrian because it was
shown that their tangent spaces, τ∗D, are β-planes, i.e., Lagrangian subspaces of the contact
distribution which rule the Segré cone.

The converse part of the theorem can be shown as follows. Let ω0 be a contact form. Since
a Segré cone of type (2, n−1) admits a 1-parameter ruling by (n−1)-planes, one can find 1-forms
{ηa, ζa | a = 1, . . . , n− 1} complementing ω0 in T ∗N such that the Segré cone can be expressed
as the vanishing set of the bilinear forms

Υab = ηa ◦ ζb − ηb ◦ ζa.

As a result, the 1-parameter family of ruling (n−1)-planes of the Segré cone can be expressed as
Ker{tηa + (1− t)ζa | a = 1, . . . , n− 1} where t ∈ (0, 1). Let ρ : Eβ → N denote the bundle of β-
planes of the Segré cone. A point p ∈ Eβ represents a β-plane of the contact distribution H which
is Lagrangian with respect to the conformal symplectic structure on the contact distribution.
Thus, the tautological bundle K ⊂ TEβ can be defined with fibers

Kp =
{
v ∈ TpEβ | ρ∗|p(v) ∈ p ⊂ Tρ(p)N

}
.

As a result, the subspaces ρ∗(Kp) rule the Segré cone S(2, n − 1) ⊂ Hρ(p) ⊂ Tρ(p)N . The
fibers of ρ : Eβ → N are one dimensional and parametrize the ruling subspaces ρ∗(Kp). Let v
be a vertical vector field of the fibration ρ : Eβ → N satisfying ρ∗(v) = ∂

∂t , and by abuse of
notation, let a multiple of ρ∗(ω0) be denoted by ω0 as well. Hence, ω0 ⊂ T ∗Eβ is a quasi-contact
1-form. Defining ωa = ρ∗(tηa+(1− t)ζa), it follows that Lvωa = ρ∗(ηa− ζa), and, consequently,

ω1 ∧ · · · ∧ ωn−1 ∧ Lvω1 ∧ · · · ∧ Lvωn−1 6= 0 mod I
{
ω0
}
.

The reason that it is non-zero, modulo I{ω0}, is that the Segré cone is a subset of the contact
distribution.

Hence, locally, the tautological bundle is given by K = Ker{ω0, . . . , ωn−1}. As a result, the
1-forms ω0, ωa, θa = Lvωa which are semi-basic with respect to the fibration ρ : Eβ → N and
the 1-form ωn, which is vertical, span T ∗p Eβ, and one has

dωa ≡ −θa ∧ ωn + T abcθ
a ∧ θb mod I

{
ω0, . . . , ωn−1

}
.

Since the Lie contact structure is assumed to be β-integrable, the lift of its associated 1-parameter
family of Legendrian submanifolds foliate Eβ by quasi-Legendrian submanifolds. The tangent
distribution to this foliation is a corank sub-bundle of the tautological subbundle K given by
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Ker{ω0, . . . , ωn}. As a result, ωi’s form a Pfaffian system which implies T abc = 0. Moreover,
knowing that K = Ker{ω0, . . . , ωn−1} and that ω0 is semi-basic, one arrives at

dω0 ≡ −habθa ∧ ωb mod I
{
ω0
}
.

In the identity d2ω0 = 0, the vanishing of the 3-form θa ∧ θb ∧ ωn implies that hab = hba.
Let M be the leaf space of the quasi-Legendrian foliation of Eβ, via the quotient map

π : Eβ → M . Because the tangent planes of the leaves are given by Ker{ω0, . . . , ωn}, the 1-
forms {ω0, . . . , ωn} are semi-basic with respect to the fibration π : Eβ →M , and the 1-forms θa

are vertical. Moreover, the coframe on Eβ is adapted to the flag (2.6). Note that the tautological
bundle K is isomorphic to the tautological bundle introduced in Section 2.3.2.

According to Section 2.3, the complete integrability of the Pfaffian system Ibas and the
relations

dω0 ≡ −θa ∧ ωa mod I
{
ω0
}
,

dωa ≡ −habθb ∧ ωn mod I
{
ω0, . . . , ωn−1

}
,

where θa := habθ
b, suffice to carry out the coframe adaptations and obtain the {e}-structure that

characterizes a causal structure. Note that the distribution given by Ker{ω0, . . . , ωn−1} charac-
terizes a causal structure according to Section 2.4.2. The one dimensional fibers of ρ : Eβ → N
are mapped to the characteristic curves of the causal structure.

Finally, since the vanishing set of the quadratic forms Υab defined in (3.10) is preserved, the
Wsf curvature of the obtained causal structure has to vanish. �

A Full structure equations

Appendix A contains the computations needed to associate an {e}-structure to a causal geom-
etry. At the end, the symmetries and Bianchi identities for the torsion elements are expressed.

A.1 Prolongation and an {e}-structure

Following the first order structure equations derived in (2.27), the method of equivalence can be
used to associate a preferred choice of coframing to a causal structure. The first step involves
prolonging the first order structure equations.

A.1.1 Prolonged structure group

Using the pseudo-connection in (2.27), one finds that the Cartan characters21 are

c1 = 2n, c2 = n− 1, ci = n− i, for 3 ≤ i ≤ n− 1.

With respect to the basis {ωi, θa, φ0, φab, φn, γa, πn, πa}, the prolonged structure group, G
(1)
1 ,

is

(
I2n 0
R Ip

)
, such that R =



d 0 0 0
0 0 0 0
0 0 0 0
0 d 0 0
f 0 0 0
F f 0 d

 , (A.1)

21See [25, 51] for an account.
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where p = 1
2(n2 + n+ 4), E ∈ Rn−1, and d, f ∈ R. The Maurer–Cartan forms of the prolonged

group can be written as

(
0 0
M 0

)
, where M =



π0 0 0 0
0 0 0 0
0 0 0 0
0 π0 0 0
σ 0 0 0
τa σ 0 π0

 , (A.2)

Since dimG
(1)
1 = n+ 1, the relation

dimG
(1)
1 <

n−1∑
j=1

jcj ,

holds for all n ≥ 3. Thus, equations (2.27) are not involutive, and because an {e}-structure is
not obtained, according to Cartan’s method of equivalence, one needs to prolong the structure
equations.

A.1.2 Part of the second order structure equations

To avoid taking too much space for computations and for later use, the following 2-forms are
introduced

Ω0 = dω0 + 2φ0 ∧ ω0 + θa ∧ ωa,
Ωa = dωa + γa ∧ ω0 +

(
φab + (φ0 + φn)δab

)
∧ ωb + θa ∧ ωn,

Ωn = dωn + γa ∧ ωa + 2φn ∧ ωn,
Θa = dθa + πa ∧ ω0 + πn ∧ ωa +

(
φab − (φ0 − φn)δab

)
∧ θb,

Φ0 = dφ0 + π0 ∧ ω0 + 1
2πa ∧ ω

a − 1
2γa ∧ θ

a,

Φa
b = dφab + φac ∧ φcb + θa ∧ γb − θb ∧ γa − ωa ∧ πb + ωb ∧ πa,

Φn = dφn + 1
2πa ∧ ω

a + πn ∧ ωn + 1
2γa ∧ θ

a,

Γa = dγa − ωa ∧ π0 − ωn ∧ πa −
(
φba + (φ0 − φn)δba

)
∧ γb,

Πn = dπn − θa ∧ πa − 2φn ∧ πn,
Πa = dπa − θa ∧ π0 −

(
φba + (φ0 + φn)δba

)
∧ πb − γa ∧ πn. (A.3)

As a result, structure equations (2.27) can be written as

Ω0 = 0, Ωa = −F abcθb ∧ ωc −Ka
bθ
b ∧ ω0, Ωn = −Laθa ∧ ω0,

Θa = −fabcθb ∧ ωc + 1
2Wanbcω

b ∧ ωc +Wbncnω
c ∧ ωn.

From the Lie algebra of the prolonged group in (A.2), it follows that

Πn = −σ ∧ ω0 + Pn, Πa = −τa ∧ ω0 − σ ∧ ωa + Pa,

where the 2-forms Pn and Pa are generated by {ωi, θa, φ0, φab, φn, γa, πn, πa}. Note that the
terms involving the 1-form π0 in (A.2), are included within the definition of Γa, Πn and Πa.

Differentiating (2.27a), gives

2Φ0 ∧ ω0 + Θa ∧ ωa = 0.
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As a result of (2.27d) and the symmetries in (2.28), it follows that Θa ∧ ωa = 0, and therefore,
Φ0 = ζ ∧ ω0 for some 1-form ζ. By replacing

π0 7−→ π0 − ζ,

one arrives at

Φ0 = 0. (A.4)

Differentiating (2.27c), and using the infinitesimal group action (2.29c), it is obtained

Γa = 1
2W0aijω

i ∧ ωj + E0ab0θ
b ∧ ω0 + 1

2Cabcθ
b ∧ θc

− Fabcγb ∧ θc − Laπn ∧ ω0 + τab ∧ ωb + ξa ∧ ωn, (A.5a)

Φn = Wnnijω
i ∧ ωj − 1

2`aθ
a ∧ ω0 + ν ∧ ωn + 1

2ξa ∧ ω
a, (A.5b)

for some coefficients Enab0, Cabc, where `a = La;n, and the yet undetermined 1-forms ν, ξa, and
τab = τba which are congruent to zero modulo Itot. The reason for using Wnnij instead of 1

2Wnnij

in (A.5b) becomes clear when the replacements (A.10) are imposed.
By differentiating (2.27b), it follows that

ξa = kab θ
b,

where kab := Kab;n.
Now Φa

b can be determined as a result of differentiating (2.27b) and replacing Φ0 and Φn

by the expressions (A.4) and (A.5b). Using the infinitesimal group action on Kab, Fabc given
by (2.29a) and (2.29b), and their symmetries in (2.28), and (2.27d), the derivative of (2.27b)
yields

0 ≡
(
Φa

b + Φnδ
a
b

)
∧ ωb +Kabθ

b ∧ θc ∧ ωc − Fabcf bdeθd ∧ ωe ∧ ωc

+ Fabc;d ω
d ∧ θb ∧ ωc + Fabc;dθ

d ∧ θb ∧ ωc + FabcF
c
deθ

b ∧ θd ∧ ωe

+ 1
2FabcW

b
ndeω

d ∧ ωe ∧ ωc mod I
{
ω0, ωn

}
.

Multiplied by the (n− 1)-form η = θ1 ∧ · · · ∧ θn−1, the above equation results in(
Φa

b + Φnδ
a
b

)
∧ ωb ∧ η ≡ 1

2 − FaebW
b
ncbω

c ∧ ωd ∧ ωb ∧ η mod I
{
ω0, ωn

}
.

By Cartan’s lemma, it follows that(
Φa

b + Φnδ
a
b

)
∧ η ≡ −

(
ζabc ∧ ωc + 1

2FabeW
e
ncdω

c ∧ ωd
)
∧ η mod I

{
ω0, ωn

}
,

for some 1-form ζabc, where ζabc ≡ ζacb modulo Itot.
Fixing c = C, after taking the wedge product of Φa

b + Φnδ
a
b with all the 1-forms ωi, such

that i 6= C, and using (A.5b), the result is

Φa
b ∧ ω0 ∧ · · · ∧ ω̂C ∧ · · · ∧ ωn ∧ η = ζabC ∧ ωC ∧ ω0 ∧ · · · ∧ ω̂C ∧ · · · ∧ ωn ∧ η.

Carrying out the same procedure for Φb
a, using Φab + Φba = 0, it follows that

(ζabC + ζbaC)∧ ωC ∧ ω0 ∧ · · · ∧ ω̂C ∧ · · · ∧ ωn ∧ η = 0,

and therefore, ζabc + ζbac ≡ 0 modulo Itot. However, since ζabc ≡ ζacb, one obtains ζabc ≡ 0
modulo Itot.
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Consequently, equation

Φab = 1
2Wabijω

i ∧ ωj + Eabciθ
c ∧ ωi + 1

2Cabcdθ
c ∧ θd + λab ∧ ω0 + κab ∧ ωn, (A.6)

is obtained where λab = −λba, κab = −κba and λab, κab ≡ 0 modulo Itot.
Differentiating (2.27b), and using (A.5), and (A.6), it is straightforward to find

κab = 0, ν = 0, τab = E0acbθ
c +Kabπn − Fabcπc, λab = 0, (A.7)

for some E0abc.

Equations (A.7), (A.5), (A.6) and (A.4) can be combined to give

Φ0 = 0,

Φab = 1
2Wabijω

i ∧ ωj + Eabciθ
c ∧ ωi + 1

2Cabcdθ
c ∧ θd,

Φn = Wnnijω
i ∧ ωj − 1

2`aθ
a ∧ ω0 + 1

2kabθ
b ∧ ωa,

Γa = 1
2W0aijω

i ∧ ωj + E0abiθ
b ∧ ωi + 1

2Cabcθ
b ∧ θc

− Fabcγb ∧ θc − Laπn ∧ ω0 +Kabπn ∧ ωb − Fabcπc ∧ ωb. (A.8)

The quantities Wijkl, Eijkl, Cabcd and Cabc are not expressed until the replacement (A.10) is
made which makes the computation slightly easier.

A.1.3 Reduction of the prolonged group

The infinitesimal action of G
(1)
1 on Wnn0n and Wnn0a is given by

dWnn0n + 1
2σ ≡ 0, dWnn0a + 1

4τa ≡ 0

modulo the ideal generated by the 1-forms {ωi, θa, φ0, φn, φab, γa, πn, πa}n, n−1i=0,a=1.

Consequently, the normalizations Wnn0n = 0,Wnn0a = 0, reduce G
(1)
1 to the group G

(1)
2

containing the one parameter d in (A.1), which corresponds to the 1-form π0. As a result, the
expression for Φn changes to

Φn = Wnnabω
a ∧ ωb + 2Wnnanω

a ∧ ωn − 1
2`aθ

a ∧ ω0 + 1
2kabθ

b ∧ ωa. (A.9)

One sees that the action of the parameter d on the torsion coefficients in the 2-forms Θ0, . . . ,Φ0,
. . . ,Γn−1 a priori cannot be used to reduce the prolonged structure group to the trivial group,
unless certain non-vanishing conditions are assumed.

The only part left, is to see whether any reduction is possible via the torsion coefficients in
Πn, . . . ,Π0.

A.1.4 An {e}-structure

In order to make computing Π0, . . . ,Πn easier the replacements

π0 7→ π0 + 1
2`aθ

a, πa 7→ πa − 1
2kabθ

b +Wnnabω
b, πn 7→ πn − 2Wnnanω

a. (A.10)

are imposed which result in

Φ0 + Φn = 0.
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Similarly to Section A.1.2, by differentiating the 2-forms Γa, Φa
b in (A.8), Φn in (A.9) and

Φ0 = −Φn, and carrying out tedious but straightforward calculations, it follows that

Πn = 1
2Wnijω

i ∧ ωj + Enaiθ
a ∧ ωi + σni ∧ ωi,

Πa = 1
2Waijω

i ∧ ωj + Eabiθ
b ∧ ωi − Fabcπc ∧ θb + σai ∧ ωi, (A.11)

where σab = σba, σna = σan are congruent to zero modulo Itot.
The expressions for the torsion coefficients are listed in (A.15). It turns out that without

assuming certain non-vanishing conditions on the torsion coefficients, the infinitesimal action of
the parameter d on the torsion terms does not reduce the prolonged group.

Since, the prolongation of the reduced group G
(1)
2 is trivial, it follows that the set of 1-forms{

ωi, θa, φ0, φ
a
b, φn, γa, πi

}n, n−1
i=0, a=1

constitutes an {e}-structure for C.

A.1.5 The third order structure equations

Similarly to (A.3), defining the 2-form

Π0 = dπ0 − 2φ0 ∧ π0 − γa ∧ πa,

helps making the expressions more compact.
It is a matter of computation, similar to Section A.1.4, to find

Π0 = 1
2W0ijω

i ∧ ωj + E0aiθ
a ∧ ωi −Kabπ

a ∧ θb − Laπn ∧ θa + σ0i ∧ ωi,

where 1-forms σij defined in (A.11) satisfy σij = σji. Note that the symmetry of σij is a result
of imposing Φ0 + Φn = 0. Expressions for σij are listed in (A.17).

A.1.6 Full structure equations

The full structure equations after replacement (A.10) using the 2-forms (A.3) are expressed as
follows

Ω0 = 0, Ωa = −F abcθb ∧ ωc −Ka
bθ
b ∧ ω0, Ωn = −Laθa ∧ ω0,

Θa = −fabcθb ∧ ωc − 1
2kabθ

b ∧ ω0 −Wnnabω
0 ∧ ωb + 1

2Wanbcω
b ∧ ωc +Wbncnω

c ∧ ωn,
Φ0 = −1

2Wnnabω
a ∧ ωb + 1

2`aθ
a ∧ ω0 − 1

4kabθ
b ∧ ωa,

Φab = 1
2Wabijω

i ∧ ωj + Eabciθ
c ∧ ωi + 1

2Cabcdθ
c ∧ θd,

Φn = 1
2Wnnabω

a ∧ ωb − 1
2`aθ

a ∧ ω0 + 1
4kabθ

b ∧ ωa,
Γa = 1

2W0aijω
i ∧ ωj + E0abiθ

b ∧ ωi + 1
2Cabcθ

b ∧ θc

− Fabcγb ∧ θc − Laπn ∧ ω0 +Kabπn ∧ ωb − Fabcπc ∧ ωb,
Πn = 1

2Wnijω
i ∧ ωj + Enaiθ

a ∧ ωi + σni ∧ ωi,
Πa = 1

2Waijω
i ∧ ωj + Eabiθ

b ∧ ωi − Fabcπc ∧ θb + σai ∧ ωi,
Π0 = 1

2W0ijω
i ∧ ωj + E0aiθ

a ∧ ωi −Kabπ
a ∧ θb − Laπn ∧ θa + σ0i ∧ ωi, (A.12)

The expressions of the quantities on the right hand side are given in (A.15), (A.17) and (A.18).
When differentiation (2.27b), the vanishing of 3-forms θb ∧ θc ∧ ωd, θb ∧ θc ∧ ω0 combined with
the expression of Cabcd, and Cabc in (A.15), yield the relations

Fabc,d − Fabd,c = 1
2(Kacεbd +Kbcεad −Kadεbc −Kbdεac), (A.13a)
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Kab,c −Kac,b = 2(εabLc − εacLb) + FabdK
d
c − FacdKd

b, (A.13b)

Moreover, the vanishing of the 3-forms θa ∧ θb ∧ ω0, in the exterior derivative of (2.27c) implies
La;b = Lb;a. This equation together with the contraction of equations (A.13) give the following
Bianchi identities among the fiber invariants of C

Kab = 2
n−1F

c
ab;c, La = 1

2(n−2)
(
FabcK

bc −Ka
b
;b

)
, La;b = Lb;a. (A.14)

A.2 Quantities in (A.12)

The expression for the torsion coefficients are as follows

Eabc0 = 1
2

(
Kbc;a −Kac;b −Kadf

d
bc +Kbdf

d
ac

)
, Eabcn = 0,

Eabcd = Fbcd;a − Facd;b + Fbdef
e
ca − Fadefecb,

Cabcd = FbceF
e
ad − FaceF ebd + 1

2

(
Kbcεad +Kadεbc −Kacεbd −Kbdεac

)
,

E0ab0 = −Lb;a − Ldfdab, E0abn = 1
2kab, Cabc = Lcεab − Lbεac,

E0abc = 1
2

(
Kab;c +Kbc;a +Kadf

d
bc +Kcdf

d
ab

)
− Fabc;0 − 1

2kbdF
d
ac. (A.15)

The quantities Wijkl = −Wijlk satisfy the following identities

Wan0b = −Wnnab, Wan0n = 0, Wanbn = Wbnan, W a
nan = 0, W[a|n|bc] = 0,

Wabcn = Wcnab + FacdW
d
nbn − FbcdW d

nan, Wa[bcd] + Fae[b|Wen|cd] = 0,

Wabcd −Wcdab = FaecW
e
nbd − FaedW e

bnc − FbecW e
nad + FbedW

e
nac,

Wab0c = −W0cab + FacdW
d
n0b − FbcdW d

n0a + 1
2KcdW

d
nba + 1

2

(
KbdW

d
nca −KadW

d
ncb

)
,

W0abn = −Wnnab −K(a|dW
d
n|b)n, Wab0n = −2Wnnab +K[a|dW

d
n|b]n,

W0[abc] = 0, q W0a0n = LcW
c
nan, W0[a|0|b] = 1

2LcW
c
nab, W0

a
0a = 0. (A.16)

According to the symmetries above, the independent components of Wijkl are Wabcd, Wanbc,
W0abc, Wnabn, W0a0b and Wnnab. It is shown in Section A.3 that Wijkl is generated by Wanbn.

The 1-forms σij = σji are

σnn = 0, σan = Wanbnγ
b, σa0 = 3Wnnabγ

b − `aπn − 1
2kabπ

b, σ0n = 0,

σab = −W(a|n|b)cγ
c + 1

2kabπn − fabcπ
c, (A.17)

σ00 = 1
n−2
(
2W0bba +KcdWdnca − LcWcnan

)
γa − 2

n−1L
a
;aπn − 1

n−1
(
Kac

;a +Kabf
abc
)
πc.

The quantities Eiaj = Ejai are given by

Enan = 2
n−1ε

bcW0bca,

Enab = 3Wnnab + 1
2kab;n +K(a|dW

d
n|b)n,

E0ab = −W0a0b + 2WnnbdK
d
a − `a;b − `dfdab − 1

2kab;0 −
1
4ka

ckbc,

Eabc = W(a|b0|a) −W(a|n|c)dKdb −WancnLb + 1
2K(a|b;n|c) − Fabc;n0

− 1
2Facd;nKdb;n − 1

2K(a|d;nFdb|c);n +
(
1
2LcWcnbn + 1

2`b;n
)
εac,

E0an = −1
2LcWcnan − 1

2`a;n,

E0b0 = 1
n−1
(
−2FabcW0d0c +W0aadKdb −KadWnandLb + LaEnba − La;dfadb

−
(
fabcL

c − εcaLb;c
)
;a
Lcfacdf

ad
b − 1

2

(
Ka

d;a +Kaefade
)
kdb

−
(
Ka

b;a +Kadfadb
)
;0

+ LdWnndb

)
). (A.18)
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The quantities Wijk satisfy

Wijk +Wkij +Wjki = 0, Wijk = −Wikj

and are obtained from Wijkl, Fabc as follows

Wnan = − 1
n−2(Wanba;n −Wanbn;a − Fadb;nWdnan),

Wnab = 2Wnnab + k[a|cWcn|b]n,

Wn0n = 1
(n−2)(n−1)(Wcdcd;n − EcdecWdnen − EcdedWencn −Wadan;d +Waddn;a)

+ 1
2(n−1)kcdWancn,

Wabn = εabWn0n +Wanbn;0 −Wnnab;n − 1
2kacWcnbn,

Wa0n = 1
n−2
(
−Wnnba;b −Wbnba;0 + 1

2kedWdnea +W0dda;n −W0ddn;a +W0dan;d

− EedaWdnen + EedeWdnan + E0ednWdnea −KadWndn + FadeWden

)
,

Wn0a = 1
2Wa0n − 1

2`bWbnan,

Wabc = εabWn0c − εacWn0b −Wnnab;c +Wnnac;b +Wanbc;0

− 1
2KadWdnbc + facdWnndb − fabdWnndc,

W0ab = −2Wnnab;0 + `cWcnab − k[a|dWnnc|b,

W00n = 1
(n−1)(n−2)

(
Wab0[b;a] − 1

2Wabab;0 + 1
2Eabe0Wenba + 1

2Eabe0Wnnea

)
+ 1

n−1
(
E0adnWnnda − E0ad0Wdnad + LaWnan

)
,

Wa0b = εabW00n +W0a0b;n +W0abn;0 − E0adnWnndb

+ E0ad0Wdnbn − LaWnbn −KabWn0n + FabcWc0n,

W00b = −W0aab;0 +W0a0b;a + E0ab0Wdba + E0adaWd0b

− E0adbWd0a − LaWnba −KabWn0a + FabdWd0a.

In the above expressions the indices are lowered using εab and the summation is taken over
repeated indices.

A.3 Bianchi identities for Wijkl

The following relations hold among the torsion elements Wijkl in (A.12).

Wanbc = 2
3

(
Wan[b|n;|c] + Fa[c

dWb]ndn

)
+ 4

3(n+2)

(
εa[c|W

d
n|b]n;d + εa[bF

de
c]Wdnen

)
,

Wnnab = 1
2(n+3)

(
−W d

nab;d + F cdaWcndb − F cdbWcnda

)
,

Wabcd = W[a|ncd;|b] − feacfbde + feadfbce +Wane[cFb]d
e −Wdne[cFb]a

e

− εa[c|
(
Wnn|d]b − 1

2k|d]b;n +Wd]nenKb
e
)

+ εb[c
(
Wnnd]a − 1

2k|d]a;n +Wd]nenKa
e
)
,

W0abc = 2Wnnbc;a − 4Wnnd[cFb]a
d + ka[b;c] + fda[ckb]d,

W0a0b = − 1
n−2W0abc;dε

cd − 1
n−2W0ecbF

ec
a − εcdE0cdεab + E0ab + εcd(E0acd;b − E0acb;d)

+ E0aecf
ec
b − FabeEecc + FaecE

ec
b + LcWnbca +KabEnc

c −Ka
dEndb. (A.19)

It follows from the relations above that the infinitesimal action of the structure group on Wijkl

is obtained from the appropriate chains of coframe derivatives of Wanbn.
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[14] Čap A., Slovák J., Parabolic geometries. I. Background and general theory, Mathematical Surveys and
Monographs, Vol. 154, Amer. Math. Soc., Providence, RI, 2009.
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(1930), 114–136.
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